Complex Analysis (s8ad) Julail) &) pulalaa dgana adg (lalg o

Chapter 1 :Complex humbers and the Complex plane
gl (5 ghaal) g Azadat) 2y 1 Jg¥) Juadl)
1- Complex numbers and Their properties

Definition: A complex number is any number of the form z = a + ib, where

i2 = —1and a, b are real numbers.

Remarks:

1. The real number ain z = a + ib is called the real part of z =
s=8slland denoted by Re(2) = a.

2. Thereal number b in z = a + ib is called the imaginary part of z ¢ >l

ssailland denoted by Im(z) = b.

3. i =+/—1, is called the imaginary unit bl sas 4,

4. The set of complex numbers is denoted by the symbol C.

5. Because any real number a can be written as z = a + 0i, we see that the
set R of real numbers is a subset of C.

6. If zis complex number such that Re(z) = 0 and Im(z) # 0, then z is
called pure imaginary number g=la LaS s,

7. i?=-1, i3= —i, ‘=1
n = 1, A+l = n+2 — 1 jAn+3 —
Examples:
1. z=2-9i
Re(z) =2, Im(z) = -9
2. z=7
Re(z) =7, Im(z) =0
3.z=1
Re(z) =0, Im(z) =1
4. z=0

Re(z) =0, Im(z) =0

Definition: Complex numbers z; = a, + ib; and z, = a, + ib, are equal if
al = a2 and bl = bz.
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Fundamental operations on C: “akall dlac Y de gana Ao Aaslil) Glilaxll

b LS Gmdie Goae (Y 4 e el dae S dasd 5l i = ok aes Dilany a8 () LiSay
If zy = a, +ib; and z, = a, + ib,, these operations are defined as follows:
Addition: z; + z, = (a; + ib;) + (a, +ib,) = (a; + a,) + i(b; + by).
Subtraction: z, —z, = (a, +ib,) — (a, +ib,) = (a; — a,) + i(b; — b,).
Multiplication: z,.z, = (a; + ib;)(a, + ib,)

= a1a2 - ble + i(blaz + albz).

Zq _ a1+ib1

Division: —, a, #0orb, #0
Zy a2+lb2
_ a1a2+b1b2 . blaz—albz
a22+b22 a22+b22

The commutative, associative, and distributive laws hold for complex
numbers:

Commutative laws: z,+ z, =z, + z;
212y = 2324
Associative laws: z; + (z, + z3) =(z; + z,) + 23

21(2223) = (212;)23

Distributive law: z,(z, + z3) = 712, + 7123
Remarks:

1. The zero in the complex number system is the number o + oi is an
identity element for 4, since for any complex number z = a + ib , we
have z + 0 = z 4l dlac ) oUai & aeall Cay el aladiuly ellh

2. Vz = a + ib,3 aunique additive invers which is —z = —a — ib such
thatz—z = 0.

3. 1=1+40i isanidentity element for -, since for any complex number
z=a+ib,wehavez 1=z &b

4. lLetz=a +ib,a # 0or b # 0, z has multiplicative inverse

-1 -1 _ 1 __ a . —-b
VA s.t z - =-= +1 ( )
z a’+b? a?+b?
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5. Vz#0,3z71s.t zz71=1
6. (C,+,") is afield is called the field of complex numbers.

Definition: The conjugate 28l 2321l 38 )« of a complex number z = a + ib, is
the complex number z = a — ib and is denoted by Z.

For example, if z = 6+% i,then z = 6—%1’, ifz = —7 — i, then
Z = =7+ 1i.lIfzisareal number,say,z = 12,then 2z = 12.
Remark:

1. The definitions of addition and multiplication show that the sum and
product of a complex number z with its conjugate Z is a real number:

z+zZ=(a+ib)+(a—ib)=2a
zZ = (a + ib)(a —ib) = a® —i?b?* = a® + b>.

2. The difference of a complex number z with its conjugate Z is a pure

imaginary number: z—Z2 = (a + ib) — (a —ib) = 2ib.

SINE

. o . V4 z Z1Z9
3. Division: e
Zy Z Z27Z)
properties:
i. Z=2z
ii. z+z,=2; + 7,
iii. 71 29 = 71" Zy
) z Z
iv. (—1) ==
Z Zy
zZ+Z zZ—Z
V. Re(z) = T, Im(z) = 7

Examples: s_psladll oLl Jas a8y

Find the value of (1+i)(_;t§?+(2_i) —2i?

Solve the following equation z? +z+1 =07

) 3i20-j19
Find the value of

1.
2.
3. Ifz;-2z,=0,thenz; =00rz, =07
4.

, ?

2i—1
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Remarks: Comparison with Real Analysis

Many of the properties of the real number system R hold in the complex
number system C, but there are some differences.

For example, we cannot compare two complex number z;, = a; + iby,b; #
0,and z, = a, + ib,,b, # 0,thatis z; <z, or z, =z, hasno
meaning in C except in the special case when the two numbers z; and z, are
real.

Exercises:

1. Let z=1+ 2i and w = 2 — i. Compute the following:
e z+3w
e Re(w?+w)
e wW-—z
o z2+7Z+4i
2. Find the real and imaginary parts of each of the following:
Z—a
e — foranya€eR
Z+a
3+5i
7i+1

- (5

e [“forany n€Z
3. Show that:
o i(1-+3i)(V3+1i)=2(1+3i)
o 5i/(2+i)=1+2i
e (-1+i)7=-8(1+1)
e (14+30) " =2711(=1+3i)
4. Find the following complex numbers in the form a + ib
o (4—-70)(—2+ 3i)
e (5+2i)/(1+1)
o (1-1)°
o 1/i
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2- Complex Plane

Definition: The complex plane C is the set of all ordered pairs (a, b) of real
numbers, with addition and multiplication defined by:

(a,b)+ (c,d)=(a+c¢c,b+d) and (a,b)(c,d) = (ac — bd,bc + ad)

Remark: A complex number z = x + iy is uniquely determined by an
ordered pair of real numbers (x, y).

For example, z =3 —9i=(3,-9),
z =8=(8,0),

z=1=(0,1),

z=—-7i=(0,-7).

Remark: The coordinate plane is called the complex plane or simply the z-
plane. The horizontal or x — axis is called the real axis because each point on
that axis represents a real number. The vertical or y — axis is called the
imaginary axis because a point on that axis represents a pure imaginary

number.
e ¥a (a,b) = a+ bi
E ]
b
\ (0,0i)] a real

axis

Definition: The modulus of a complex number z = a + ib, is the real

number |z| = Va? + b? . The modulus |z| of a complex number z is also called

the absolute value of z.
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Im $8al) 2aal) Jiad Al ddadill o Adliall 8 (ga8al) 22al] Aallaall Al
A a+bi el ddadiy JGids 2o & (s8]l daxll Adllaal) daual)
o e CalE
? I A‘ Y-axis (Imaginary axis)
| b~ = —>A z=a+ib.
|
|
0 a » Re . X-axis (Real Axis)
\ z=a-—jb.
z=-a—ib L
Properties:
1. z-Z = |z|?
2. |z] = |2
3. |z|* = [Re(2)]* + [Im(2)]?
4. |z| = |Re(z)| = Re(z) and |z| = |Im(2)| = Im(2)
5. |21 - Z5| = |z4| * | 2,]
6. Z_l = @ ) ZZ * 0
Zy |z |
7. |z, + z,| < |z{| + |2z,|, triangle inequality
8. |z + 2y + -+ 2| S |z1| + 25| + o+ | 25| 2l el B i
i.e.,|Xk=12K| < Xi=1lzkl
9. |z1 — z;| = |z1| — |2,]

10-||Z1| - |Zzl| < |z; + 7|

Proof(7):

12y + 2,12 = (21 +21) " (zy + 25) = (273 +2,) (7 + 73)

=21Z) + 217y + 2,7, + 7,7,

= |z1|* + 2125 + 771 + |23]% = |21|* + |2,|* + 2Re(2,23)

< |z1|? + 1231 + 2)|2.73| = |21 + |2, + 2]|z4| - | 23]

= |z1|? + |231% + 2|z, - | 25| = (|z4] + |22])?
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Therefore |z; + z,| < |z4| + |z,]

Remark: |z, — z,| is the distance in the plane on the complex number z;
from the complex number z,.

IfZl =X1+iy1, ZZ =x2 +ly2

|z, — Z5| = |(xg — x2) + iy — ¥2)| = \/(x1 —x3)% + (y1 — ¥2)?

. 2
Proof(9): |z, = |21 — 25 + 23| < |21 — 25| + |2,|
> |z1] = 23] < |21 — 2,
Proof (10): |z1| = |z, + 2, — 75| < |z, + z3| + |—2,| = |z, + z,| + | 23|
|21 | = |z2| < |21 + 2] (1)
22| = 122 + 21 — 21| < |7y + 25| + |=24| = |21 + 75| + |74
1z, = |z1| < |21 + 2z,
121 = 22| = = |21 + 2, (2)

From (1) and (2) we get — |z, + z,| < |z1| — |2,| < |z; + 25|
Therefore ||21| — |ZZ|| < |z, + z,|.

Remark: z; < z, ingeneral has no meaning but |z,| < |z,| means the point
corresponding to z, is closer to the origin than the point corresponding to z,.

Notation: Letz, € C,r > 0
S, (zy) = {z € C: |z — z,| = r}is the circle 3_2>with center z, and radius 7.
B, (zy) = {z € C: |z — z,| < r}isthe ball 5_S with center z, and radius r.

D.(zy) = {z € C: |z, — zy| < r}is the disk u=_8 with center z, and radius r.
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Example: The equation |z — 1 + 3i| = 2 represents the circle whose center
is zo = (1,—3) and whose radius is r = 2.

Exercises:

1. Find the modulus (absolute value) and conjugate of each of the
following:
o (1-1)?
. . 1,
o i(2—1) —4(1 +Zl)
2i

3—4i
1-2i | 2-i
1+i  1-i
(4+30)(1+10)

7—i
2. Show that:

o Iz=-—iZ
e 2+1)2=3-4i
o |(2z+5)(V2-1i)| =V3|2z+5]|
3. Show that
3) 717,75 = L7557
b) z* = z*
4. Find the complex number E which is satisfies the following:
|E| =1 and Re(E?) = 0.
5. Show that equation |z — z,| = R of circle, centered at z, with radius R,
can be written as: |z|? — 2Re(zZ,) + |zo|?> = R?.
6. zis real numberif and only if z = Z.
7. zis either real or pure imaginary if and only if (2)? = z2.
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3- Polar form of complex numbers

Let r and 6 be polar coordinates of the point (x, y) that corresponds to a

nonzero complex numberz = x + iy.Sincex = rcosfandy = rsin6,

the number z can be written in polar form as:

z = r(cos @ + isinf).

A Imaginary
¥ + vyi {complex number)
) ¥
o Real
< - >
A J
Remarks:
1. If z =0, then 8 is not defined and hence we cannot write z = 0 in polar
form.

2. In complex analysis we assumer = 0 and r = |z| = \/x? + y2.
3. The real number 6 represents the angle, measured in radians, that z

makes with positive real axis.

0 is called an argument of z, which has infinite number of values, both
positive and negative, that differ by integer multiple of 2m.

The values of 8 can be determined by specifying the quadrant containing

z = x + iy and by using one of the following three equations:

X .
tan@zz, cosf =—, sing = <.
x |z| |z]

The set of all arguments of z is denoted by arg(z).
The principal value of arg(z) is the unique 6, such that -7 < 6 < m and
it is denoted by Arg(z).
arg(z) = Arg(z) + 2nt, ne€-Z.
(tan"1(y/x) x>0
m+tan"i(y/x) x<0,y=>0
Arg(z) ={-m+tan"'(y/x) x<0, y<O0
/2 x=0 y>0
\ —11/2 x=0 y<0
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Example (1) Find Arg(5), Arg(—5), Arg(2i), Arg(—3i) ?
Solution : Arg(5) = tan"!(y/x) = tan"1(0) = 0.

Arg(—5) = m + tan"1(0) = 7.

Arg(2i) =m/2.

Arg(—3i) = —n /2.

Example (2) Find the principal argumentofz =1+ i ?
Solution: Arg(z) =tan"1(y/x) =tan"1(1) = %

Example (3) If z = iig ,find arg(z)?

1+iV3 _ —1+/3i
-3 2

Solution: z =

Arg(z) = m +tan"'(y/x) = m + tan™! (f—ﬁ) = 7 + tan~1(—V3)

=n—tan‘1(\/§)=n—§=2?n

arg(z) = 2?1'5 +2nm, mneEL

Example (4) Express —/3 — i in polar form.

Solution : 3 _alsall ¢l Jay

Example (5) Write the complex number z = 2 — 2i in polar form.
Solution : 3 _alsall ¢l Jay

Proposition : Let z;, = r;(cos 6, + isin6,), z, =r,(cosf, + isinb,)

Then, z,z, = ryr,(cos(8; + 6,) + isin(6; + 6,)) and

= = 2 (cos(6; — 6,) + isin(6; — 6,))
2

Z3
Proof: z; -z, =1;(cosf; +isinf,) - r,(cosf, +isinb,)

= 1 1»[(cos 8, cos B, — sin B, sin B,) + i(sin 6, cos B, + cos B, sin )]
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= 11y (cos(0; + 0,) + isin(6, + 6;))
And

zy _ 11(cosB;i+isinfq) ] (cosB,—isinB,)

Zy a r5(cos O,+isinf,) (cosB,—isinb,)

r1[(cos 84 cos B, +sin 64 sin B,)+i(sin 8, cos 8,—cos B4 sin 6,)]
o 15[ (cos 6,)2+(sin 6,)2]

= 2 cos(6, — 0,) + isin(6, — 6,)] [
2
Remark :1)arg(z, - z,) = arg(z,) + arg(z,)

2) arg (z—:) = arg(z,) — arg(z,)

Proposition : Let z; = 7j(cos §; + isin®;), j=123,..,n
Then z,.z, = z, =1, "1, 1, (cos(0, + 6, + - 0,) + isin(6; + 0, + -+ 6,)))
Ifz, =2z, = =2z,=z=1r(cos 0 + isinf), then

z™ = r™"(cos(nf) + i sin(nh)) - (D)

De Moivere's Formula: When z = (cos 0 + isinf), we have |z| =1 =1,

And so (1) yields (cos 8 + isinf)" = (cos(nf) + isin(nh)) -+ (2)
This last result is known as de Moiver's formula.

Example : From (2), with 8 = % ,cos8 =+/3/2andsinf = 1/2:

(\/2—§+%i)3 = cos30 + isin30 =cos (3-Z) + isin(3-%)
= cos~ +isin= =i.
Example : let z = 2 (Cos%+ isin%), find z2?
Solution: z2 = [2 (cos%+ ising)]2 = 22 (cos 2.2+ isin 2%)
=4(cosZ+isinD) =4 (3 +i%) =2+ 2V31.
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3

2
Euler's Formula : By Taylor's Series e* =1+ x + % + % + .-

If we take x = i@, then e® = cos@ +isin@

Let z = r(cos @ + isin ) = re'®

Remark : Let z;, = rye'%1, z, = r,e'%2. Then,

. 242, = 11, (01102)

T T i(04-6)
Zy Ty

1

2

3. If z=re'?, then z" = r"en® nezt

4. The invers of any non-zero complex number z = re® is:

- 1 1 _;
77 l=—Z==Cp¢ i

zZ r
5. z0 = (reie)o = r%% =1
Ifn=—1,—-2,..then, z" = r"e™® (why?).

Exercises:

1. Write in polar form:

a.2i b.1+i c —3+V3i d -—i
2. Write in rectangular form:

(Euler formula)

a. V2e's b. 34 e'z c. — elt230m 4 2 el

3. (a) Find a polar form of (1 + i)(l + i\/§)
(b) Use the result of (a) to find cos (Z—:) and sin (Z—:)

4. Use Euler's formula to show the following:

elfo—ib

e cosf =

L e
e sinf = -
2i

o sin36 =Zsin9 —isinBH

e cos*o =%COS49+%C0829 +§
5. Use de Moiver's formula to derive:

e co0s260 = cos?6 — sin?0

e sin260 = 2sinf cos@

e c0s38 = cos30 — 3 cos 0 sin?6
e sin36 = 3cos?6sin O — sin30
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. Find arg(1 — iv/3)3?
7. Show that |e??| =1

(o))

5
8. Find the rectangular form of (\/§ + i)

9. Find the rectangular form of (—1 + i)1°°

2
10.Find the rectangular form of [2 (cos% + isin %)]
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4- Powers and Roots of complex numbers  3a=3 j5iall g ¢ i)

A ka))

. 1 . .
Definition: Let z, = rye'%, non-zero complex number (z,)», n is positive

integer is called ( nth- root ) for equation z™ = z,
z" = z,

(reie)n = 7y = rpe'fo = r,el@o+2km) | 7

rieintd — Toei(90+2kn),k =W/

r't=ry,, nd =0, + 2km

90 +2km
n

r="4r,, 0=

l n l(@_}.zk_n)
Therefor, (zy)n="1rpe'\n n/ k€L

The distinct roots obtained when k = 0,1, 2, ...,n — 1.

The distinct roots denoted by ¢,

Cr = n n ei(e_r?"-?)’

= ’\‘/r_o [cos(@+m€—n)+isin(@+m€—n)]
n n n n

k=012, .,n-1

Remark: If n = 2, then the two roots lie at the opposite ends ¢; =

Examples: 3 yaladl o) (a3

1) Find the square roots of V3 + i ?

2) Find the 2-nd roots of 2i ?

3) Find the cube roots of —8i ?

4) Find the square roots of 1 —1/3i?
)

5) Find the 3-rd roots of 1 ?

_Co.
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The nth roots of unity

The nth roots of 1 are given by :

2k ;
cp,=en , k=012,..,n—1
C0=1.
EE.
Letw, =c; =en'. Then
4T . 2(n-1)m .

— ol 2 — 5 o L _ n—1
C,=en =WwW,", ..,Ch1 =€ n = Wn

Therefore, the nth roots of unity are: 1, w,,, w,,2, ...,w,,* 1, where
i)
w, =en",

The nth roots of z,

The nth roots of z, = r,e'f° are given by :

.90 2km
_+_
e = /1o G5 ), k=01,2,..,n—1

They can be written as :

.0p 2kt .

ck="rgemn-en'=cwt, k=012..,n—1

0o 2m
Where ¢, = /1, e'n is the principal root of zy and w,, = e ',

Examples: & yaladl o) (a3
1) Find the square roots of i ?
1

2) Find all values of (2 + 2v/3i)* ?

1
3) Find all values of (—4+/3 + 4i)® ?

1

1 1\ 7
Remark: If n < 0, then (zy)» = (Z—) :
0
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Exercises:

1. Find all solution to the following equation:

b. z6 =

c. zt=-16

d. z* = -8 — 8V3 i
e. z°=8

f. z°=-39

Find the cube roots of —1 + i ?
Find the two values of (7 + 24i)/2?
Find all solutions of the equation z* + 1 = 0?

v ok W

Show that the two roots of (1 + i)% are ta,
Where, a = V2 [cos% + ising]

6. If w# 1 isthe nthroot of 1 then, show that
1+w+w?+-+w"1=0
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5- Sets of Points in the Complex Plane s siwall & LAl cile gana
(s ial)

Laall Jac V) 4 seial dale dadia iiny Al 5 Y daaill oledY (gl (5 ginall A (3haliall )

O3S S (Al (e Ay Al L) e gana ) sally auals) Aaiill ) sall s dilaiall Cayad () lias
A tie U 5 0 Jeadll 3 2paad) A Al ) (ppaaine

Definition: An € —neighborhood _) s> of a points z; is the set

Ne(zp) ={z € C: |z — 2| < €}
Consisting of all points lying inside the circle |z — z,| < €.

Definition: A deleted € —neighborhood of a points z, an € —neighborhood

of a points z, except z, itself. That is it is the set N.(z,) \ {2}
ie. N.(zy) ={z€C: 0< |z—zy| < €}
Consisting of all points lying inside the circle |z — z,| < €.

Definition: A points z, is said to be an interior point “lil2 3ki of 3 set S of

complex numbers if there is an € —neighborhood N.(z,) of z, such that
N.(z,) € S.

Definition: A points z, is said to be an exterior point 4 s 4k of 3 set S of

complex numbers if there is an € —neighborhood N.(z,) of z, such that
NE(ZO) N S == @.

Definition: A points z, is said to be a boundary point %3~ 4ks of 3 set S of

complex numbers if it is neither an interior nor an exterior point.

Definition: The set of all boundary points of a set S is called the boundary of
S.

Example: Let S ={z:|z| < 1}.

Then the boundary of Sistheset: S’ ={z:|z| =1}
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1+, , : :
z; = —~ s an interior point of S.

Z, =141 isan exterior point of S.

Definition: Let S be a set of complex numbers

1. If every point z of a set S is an interior point, then S is said to be an
open set.

2. Asubset S of C is said to be closed set if S complement (C—S)is
open.

3. The closure of S, denoted (S), is the closed set consisting of all points in
S together with the boundary of S.

Examples:

(1) C, @, the only sets that are both open and closed.

(2) S = {z: Im(z) < 1} is open set. The closure of S is the set
S={zm(z) <1}

(3) B-(z,) is open set but not closed.

(4) D,-(z,) is closed set but not open.

(5) S, (z,) is closed set but not open.

(6) B,(0) U {1} is not open, not closed.

Definition:

1. If any pair of points z; and z, in a set S can be connected by a polygonal
line that consists of a finite number of line segments joined end to end
that lies entirely in the set, then the set S is said to be connected.

2. An open connected set is called a domain.

3. Aregion is a set of points in the complex plane with all, some, or none of

its boundary po"

Connected Connected Disconnected
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Example: Sketch S = {z: |z + 3| > 2} and determine whether it is a domain
or not.

Sol: S is open and connected = S is domain = S is region.

~~~~~

Zy

Definition:

1. Aset S issaid to be bounded if there is a real number M > 0 such that
|z| < M forallz €S.

2. Apoint z; is called an accumulation point of a set S if each deleted
neighborhood of z, contains at least one point of S.

in
Example: LetS = {% ,n=1,2, } , then 0 is the only accumulation point.
Exercises:

1. Sketch the following sets in the complex plane and determine whether
they are open, closed, a domain, bounded or connected :
g. S={z:|z—i| > 1}
h.S={z1<|z-1-i| <2}
i. S={z:Re(2) < —1}
j. §={z:Im(z) > 3}
k. S ={z:2<Re(z—1) < 4}
2. Determine the accumulation points of each of the following sets:
e z,=i"(n=1,2,3,..)
¢ z,=(-D"A+D= (n=1,23,..)
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Chapter 2: ANALYTIC FUNCTIONS

1- FUNCTIONS OF A COMPLEX VARIABLE

Definition:

Let S be a set of complex numbers. A function f defined on S is a rule
that assigns to each z in S a complex number w. The number w is
called the value of f at z and is denoted by f (2), thatis, w = f (2).

Remark:

1. If f is a function defined on S, then S is the domain of f.
2. If the domain is not given explicitly, then we agree that it’s the
largest possible set.

Example: Let f(z) = ﬁ
Then f is a function of complex variable with domain § = C — {1}.

Example: Let f(2) = !

z2+41°
Then f is a function of complex variable with domain § = C — {i, —i}.

Real and imaginary parts of a function
Letw = u + ivisthevalueof afunction fatz = x + iy, sothat
u+ iv= f (x+1iy).

Both of the real variables u and v depends on x and y. Thus

f(@) =ulx,y) +iv(x,y)
Where u and v are real valued functions of two real variables x and y.
Similarly, if z = re'®, then f(2) = u(r,0) + iv(r, 6)
Example: Write f(z) = z2 + 2z inthe forms: f(2) = u(x,y) + iv(x,y)
and f(z) =u(r,0)+iv(r,0).
Solution:

o Zz=x+1iy
f(z2)=z>+2z=(x+iy)*+2(x+iy)
= x2 —y? + 2xyi + 2x + 2yi
= (x%2 —y? +2x) + (2xy + 2y)i
= u(lx,y) +iv(x,y)
o z=rel?
f(2) = 2% + 2z = r?e?% + 2re'?
= 12(cos 20 + isin28) + 2r(cos 6 + isin O)
= 120520 + 2rcos 8 + i(r?sin 20 + 2rsin )

= u(r,8) +iv(r, 9)
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Example: If v(x,y) = 0forall z, then f(z) = u(x, y) is called a real valued
function of a complex variable.

Example: f(z) = |z|? = x? + y? is a real valued function of a complex
variable.

Polynomials and Rational Function:

1. If nisanonnegative integer, and if ay, aq,-:,a, are complex
numbers, such that a,, # 0, then the function
f@)=ap+az+ -+ a,z"

Is a polynomial with degree n.
The domain of a polynomial function is the entire z-plane.

2. If P(z) and Q(z) are polynomials, then f(z) = ZZ;

is rational function.The domain of a rational function is the set
{ze€ C:Q(z) # 0}

Example: f(z)=iz*—(1+i)z3+2z—-5-3i
Is a polynomial of degree 4 whose domain is C.

2z%2+3iz+4 . . ..
Example: f(z) = —————— Isarational function whose domain is

z3—-(1+i)z%+iz
C—{0,1,}.
Since z2—(1+i)z%+iz=0
z(z?—(1+)z+i)=0,z=0o0r z?—(1+i)z+i=0
z—-)(z—-1)=0 =>z=iorz=1.
Example: [(z) =x%+y2+ 2i(x + ).
Write f(z) in terms of z.
Solution:

_Z+Z_ _z-
—T,y__

2i
z+7)\ 2 7—7)\ 2 L (z+Z  z-Z
f@=(5) +(50) +2u(G+5)
Zi(Zz+ZZZ_+Z_2)—i(ZZ—ZZZ_+Z_2)+i(Z+Z_)+Z—Z_
=zz+z—7Z+i(z+2)

Thus f(z) = z?+ (1 +i)z— (1 —i)z.
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2- LIMITS OF A COMPLEX FUNCTION

Definition: ( Limit of a Complex Function )

Suppose that a complex function f is defined in a deleted
neighborhood of z, and suppose that L is a complex number. The
limit of f as z tends to z, exists and is equal to L, written as

lim f(z) = L, if for every € > 0 there exists a § > 0 such that

Z—Zg

|f(z) — L| < e whenever 0 < |z — zy| < 6.

ty v
,”__‘\\ ’ IE /,”~:‘\\
'I/ (S‘ \\\ l‘I II . L ll \:
1
0 @ N @
\\Q z ’// \\~__”/
> X , U
z-plane w-plane
Examples:
1. Showthat lim z =z, ? 3 ypalaall L) ALY Ja3
z—2Z
2. Provethat lim(3iz+2) = —17?
Z—1

3. Prove that linglr_(Z +i)z=14+3i ?HW
zZ— l
Remarks:

1. The definition of limit requires f to be defined in some deleted
neighborhood of a point z,. Such a deleted neighborhood always exists
when z, is an interior point of the domain of f.

2. We can extended the definition of limit to the case in which z; is a
boundary point of the domain of f. in this case we require

|f(z) — L| < ¢, only for z lies in both the domain of f and

0<|z—2z| <89.
3. If lim f(z) = L exists, then it is unique.

Z-Z

4. The symbol z — z, means that z is allowed to approach z; in any
arbitrary manner. Thus if the limit approach different value from
different directions, then the limit does not exist.
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Exercise : Show that lim = does not exist?

z—0

NN

Theorem 1: Suppose that f(2) = u(x,y) + iv(x, y),z, = x + iy,, and
L=A+iB.Then lim f(z) =L ifandonlyif

VA A

lim u(x,y) =A4A and lim v(x,y) = B.
(6,y)=(x0,Y0) ( y) (,y)=(x0,Y0) ( Y)

Example:

Use theorem 1 to compute ligri_(zz +1).
VA l

Solution.

Since f(z) =z2+i=x?>—y%+ (2xy + 1)i

u(x,y) =x*—y3v(x,y) =2xy+landzy =xy + iy, = 1+ 1.
A= lim x?-y?2=12-1%2=0

(xy)~(1,1)

and

B= lim 2xy+1=211+4+1=3,
(xy)~(1,1)

andso L=A+iB=0+1i(3) = 3i
Therefor lim (z% + i) = 3i
z-1+1

Theorem 2: Assume that lim f(z) = L and lim g(z) = M. Then
VARVAY

Z—Zg

a) lim cf(z) = cL, c a complex constant,
Z—Zo

b) lim[f(2) + g(2)] =L+ M,
c) lerg) [f(2)g(2)] = LM,
o 1 [1] -

s > provided M # 0.
Corollary :

1) If P(z) is a polynomial, then lim P(z) = P( zp).

zZ-2Z
2) If P(z) and Q(z) are polynomials such that Q(z,) # 0, then
i P _ Pz0)
72—z, Q) Q(20)

Example : Compute the limits

(3+i)z*—z%+2z

a) lim
Z—1 z+1

2
. z°—=2Z+4
b) Ilim :
z-1+y3i Z-1-V3i

H.W
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Solution.

. . 4 2
. (3+i)z%*-z%+2z llm((3+1)z -z +22)
a) lim ) =
z—1 z+1 lim(z+1)
VAnd]

(3+i) lim z*-1im z%+2lim z
Z—1 Z—1l Z—1l

lim(z+1)
VA=
_ GB+H()-(-1)+2i
- i+1
443 7 1

= =2

1+i 2 2

3- CONTINUITY OF COMPLEX FUNCTIONS

Definition: A complex function f is continuous at a point z; if
lim f(z) = f(20)
YA

A complex function f is continuous at a point z,

if each of the following three conditions hold:

i. lim f(2) exists,
zZ—-2Zg

i. fisdefinedatz,,and
iii. lim f(2) = f(zy).
Z—-Z
If a complex function f is not continuous at a point z, then we say that f is

is discontinuous at

discontinuous at z,. For example, the function f(z) = e

z=1landz = —I.
Example: Checking Continuity of the function f(z) = z% — iz + 2
at the pointz, =1 —i.
Solution.
lim f(z) = lim (z2—iz+2)=1-i)?-i(1—-i)+2=1-3i.
Z-Zg z-1-1
fFz)=fA=-D=01-D?—-i(1-)+2=1-3i
Since lim f(z) = f(zy)
z—2Z
Therefore
f(2) = z% — iz + 2 is continuous at the point z, = 1 — i.

Definition: A complex function f is continuous in a region S € C if

f is continuous at each z € S.
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Example: A polynomial function f(z) = ag + a;z + -+ + a,z™ is continuous
in the region C.

Proposition: Let f and g are continuous functions at z,. Then

a) f(z) £ g(2)is continuous at z,,
b) f(z)g(z) is continuous at z,
c) f(2)/g(z) is continuous at z,, provided that g(z,) # 0.

z%2—iz+5i+1

Example: The function f(z) = is continuous in the region C\{0}.

Remark: A function f(z) = u + iv is continuous at a point
Zy = X + iy, if and only if u and v are continuous at (x,, o)
Example: The function

f(z) =e*cosy+ie*siny

is continuous everywhere in the complex plane C since
u(x,y) =e*cosy,and v(x,y) =e*siny

are continuous at each point (x, y) in the plane.

Exercises:

In problems 1-2, show that the function f is continuous at the given point.

_ Re(z) 2, _ pim/4

1. f(z2) = ~ 2z°; zp = e
221 g1

2.f(Z)={z—1' 5 Zg =1
3, lz] =1

In problems 1-2, show that the function f is discontinuous at the given point.

z3-1

1. f(z)={z—1’ |Z|¢1;Zo=i
3, lz| =1
= z+0

2. f(z)={|Z|' ; Zo = 0.
1, z=20
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4- DIFFERENTIABILITY OF COMPLEX FUNCTIONS

Definition: ( Derivative of Complex Function )

Suppose the complex function f is defined in a neighborhood of a
point z,. The derivative of f at z,, denoted by f'(z,) or %f(z)lzo, is
defined by the equation

F1(zo) = ZIH?O f(2)—f (20)

Z—Zy
_ i [@ot8D)-f(20)
Az—0 AZ

Provided this limit exists.

If f'(z,) exists, then f is said to be differentiable at z,.

Example: Use definition of derivative to find f'(z,) if f(z) = z? — 5z.
Solution.

— 2_ _
f,(ZO) = lim f(zo+L2)—f(29) — lim (zo+AZz)*—5(z9+L2)—f(zq)

Az—0 Az Az—0 Az
— lim 202 +229Az+(A2)2=529—5A2—(20%—52¢)
Az—0 YAV A
. 2zoAz+(AZ)?-5Az . Az(2zg+Az—5) .
= lim =2 = lim 2 = lim 2zy+Az—-5
AzZ—0 Az Az—0 Az Az—0

The limitis f'(zy) = 2z, — 5.

Example: Show that if f(z) = Re(z), then f'(z) does not exist.
Solution. f(z) = Re(z)

f'(z) = lim fz+hz)-f(z) _ lim Re(z+Az)-Re(z) _ lim Re(Az)

Az—0 Nz Az—0 Nz Az—0 Az
z=x+iy,Az=Ax+iAy
If Az=Ax,then f'(z)= lim 2%
Ax—0 Ax

fAz=iAythen f'(z)= Alim()% =0 = f'(z) dose not exist.
y—)

Differentiation Rules:

Let ¢ be a complex constant, and let f and g be a differentiable function at a
point z. Then

fy —z"=nz"1, nez,
dz

g) =[cf ()] = cf'(2),
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h) =[f @)+ g(D] = f'(2) £ g'(2),

) Zf@D9@)] = f' @92 +f(2)g' (@),
i) da [f(Z)] _'@9@)-f(2)g' (@)

dz lg(z)] lg(2)]? ’

K =9(f@) = g' (@) f'(2).

72

Example : Find f'(2) if f(z) = yw—
(4z+1).2z-z%4 _ 4z%+2z
(4z+1)2  (4z+1)?

Theorem: ( Differentiability Implies Continuity )

If a function f is differentiable at a point z,, then f is continuous at z,.
Proof:

Assume f'(z,) exists, we want to show that lim f(z) = f(z,) or
zZ—2Z
lim [ (2) = f (20)] = 0
z—2Z

lim [f(2) = f(20)]- C== = f'(@).0 = 0

Example : f(z) = |z|? is continuous at each z € C,
f’(Z) = lim f(z+Az)—f(z)

Solution. f'(z) =

Az—0 Nz

. |z+Az|%=|z|?

= lim ———
Az—0 NZ

z=x+iy,Az=Ax+iAy
fAz=Ax, z+Az=(x+Ax)+iy

lz+Ax|2-|z|2 . (x+Ax)2+y2—(x%+y?)

ra=lm = &
2
Ax—0 Ax
fAz=IiAy

lz+iay|*=|z]? _ lim x>+ (y+Ay)*=(x*+y%)
Ay a Ay—0 iAy
. 2yAy+(AY)? 2 .
= lim X222 (2y) =—,y=—21y
Ay—0 Ay i
If z#+ 0 = f'(z) does not exist.

1=,
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The Cauchy- Riemann Equations

Theorem: ( Necessary condition for differentiability )

Suppose that f(z) = u(x, y) + iv(x, y) is differentiable at z, = x, + iy,.

Then uy, u,, vy, vy exist at (xq,yo) and satisfy Cauchy-Riemann equations
Uy =1y, U, =—U, at (xp,¥)

Moreover  f'(2o) = uy(xo,¥0) + ivx (X0, ¥o)

Proof. Assume f’'(z,) exists

’ o 1: f(zo+Az)—f(20)
f'(z) = Ahzrllo

YAV A

— lim f(zo+2Ax)—f(2) — f,(Z ) = lim f(Zo+iAy)—f(zo)
Ax—0 AX 0 Ay—0 Ay
' T f(zo+Ax)—f(2)
1) f(z) = lim —
— lim u(xg+Ax,yo)+iv(xg+Ax,ye)—(u(xg,y0)+iv(x0,¥0))
Ax—0 AX
— lim u(xg+Ax,y0)—u(x0,y0) +i(v(xo+AX,Y0)—(x0,¥0))
Ax—0 AXx
f'(zo) = ux(xg,y0) + vy (x0,y0) (D
' T f(Zo+iAy)—f(zo)
2) f'(z0) = A1§Vr51() Ty
= lim u(x,Yo+Ay)+iv(x9,y0+AY)—(U(X0,y0)+iv(x0,¥0))
Ay—0 IAy
— lim V(X0,Y0+AY)—v(X0,¥0)—1(U(x0,y0+AY)—u(X0,¥0))
Ay—0 Ay
f'(z) = Uy(xo:YO) X iuy(xo»YO) (2)
(1)and (2)
= U(X0,Y0) = Vy(X0,¥0)
U (X0, Y0) = _uy(xo;}’o)

Remark: The Cauchy-Riemann equations are necessary condition for the
differentiability of f at a point z,. Thus they can be used to find the points at
which f is not differentiable.

Example : Show that f(z) = |z|? is not differentiable at any z € C — {0}.
Solution. f(2) = |z|? = x? + y?
= ulx,y)=x%+y2% v(x,y)=0
Uuy=2x # v,=0 ifx+0
u, =2y # -—-u,=0 ify+0
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Thus u, = vy, and u, = —v, onlyat (0,0)
That is the Cauchy-Riemann equations are not satisfied at points (x,y) # (0,0)
and hence f'(z) does not exist for all z # 0.

Example : Show that f(z) = Z is not differentiable at any z € C.
Solution. f(z) =Z=x—1iy
= u(x,y)=x v(xy)=-
u,=1 # v,=-1
The Cauchy-Riemann equations are not satisfied at any (x,y) € R?
i.e. f'(z) does not exist for any z € C.

52

zZ
Example : Let f(z) = {?' z#0
0,z=0

are satisfied at (0,0), but f'(0) does not exist.

2

. Show that the Cauchy-Riemann equations

Az

22 o
Solution. f'(0) = m [LD7O _ i 22
Az—>0 Az Az—0 Az

(Az)?

Alzrllo (Az)?
If Az =A x,then

£1(0) = lim L2 =g )

Ax o(AX)2
If Az=Ax+1iA x,then
PO
f (0) _ (Ax(l l)) (1-1) _ T2 _ _1 (2)

Ax—>0 (Ax(1+l)) (1+i)2 +2i
(1)and (2) f'(0) does not exist.
2 20 (S22 (xy) % (0,0)
f(z)={?’Z¢ ={x+iy’ 4 ’
0,z=0 0, (x,y)=1(0,0)
x3-3xy?
0, (xy)=1(00)
3_0.2
=2 (6y) # (0,0)

v(x,y) ={ x2+y? '
0, (xy)=1(0,0)
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(ax)3
. Ax,0)—u(0,0 ) 7=
1,(0,0) = lim Lex0uOD _ jjpy @07
Ax—0 Ax Ax—0 Ax
(0,Ay)—(0,0 —(Ay)i‘
. v, =v(0, .
v,(0,0) = lim NvOO0) _ jjyy &2 g
Ay—0 Ay Ay—0 Ay
. u(0,Ay)—u(0,0 . 0—-0
u,(0,0) = lim ©ANUO00) _ iy &0 ¢
Ay—0 Ay Ay—0 Ay
. v(Ax,0)—v(0,0
1,(0,0) = lim PAx0)~v(00) _ 0.
Ax—0 AX

Theorem: ( Sufficient condition for differentiability )

Let f(z) = u(x,y) + iv(x,y) be defined throughout some

€ — neighborhood N, (z,) of a point z, = xo + i,.

Suppose that uy, uy, vy, v), exist everywhere in N.(z,) and they are

continuous at (xg, o). Then if

Uy =v,, wy=-v, at (XY
Then f'(z,) exists.

Example : Let f(z) = sinxcoshy + icosxsinhy.
Show that f'(z) exists for all z € C and find it.
Solution.

u(x,y) =sinxcoshy, wv(x,y) =cosxsinhy

u, =cosxcoshy = v, =cosxcoshy

U, =sinxsinhy = -v, =—sinxsinhy
Uy, Uy, Uy, Uy, exists and continuous for all (x,y) € R?.
And the Cauchy-Riemann equations are satisfied at any (x,y) € R?
Thus f'(z) exists for any z € C.
f'(2) = uy(x,y) + ive(x,y)
= cos x coshy — i sinx sinhy.

Exercise : Find the value of the real numbers a and b that make
f(z) =x?>+ay?+e*cosy +i[bxy + e*siny].
has derivative at every z € C.
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Polar coordinates

For z # 0, we have z = re'? and hence f(z) = u(r,8) + iv(r, 9).
Using the chain rule, we find:

U, = Uy CosB + u, sinb, Up = Uy Ccos 6 + v, sinf

Ug = —U,TSin6 + u,rcosb, Vg = —VUxrsinf + v,rcosb

If uand v satisfy the Cauchy Riemann equations, then

1 1
Up =-Vg and Up = — = U

Remark : If f'(z,) exists, then f'(z,) = e % [u,.(1y,0,) + iv, (1, 0o)]
Proof: 8uoloall eUl mus g

Example : Show that f(z) = i is differentiable at each z € C — {0} and
, 1
f'(z) = —

Solution: Letz # 0, z = reie,

1 1 1 9 1 2
Z)=-=——=-"-¢ ==(cosf@ —isinf
f() z reib r r( )
1
u(r,0) = ;cos@
1 .
v(r,0) = —;sm@
-1 0 -1 P
Uy = — Cos Vg = —COS
V. = >=sin6 Up = —sin 6
T 2 6~ T
u —117 and v, = 1u
rT 7] r — r 7]

Therefore, f'(z) exists Vz € C — {0}

f'(@ = e Pu,(r,0) + iv.(r,0)]
— e-i0 |2 i Lsi
=e! [r2c059+lrzsm9]

= e [cos — i sin 0]

r2
=—e LQe 19:_26 2L9:__2
r r z
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Analytic Functions

Definition: A complex function w = f(z) is said to be analytic at a point z, if
f is differentiable at z, and at every point in some neighborhood of z,.

A function f is analytic in a domain D if it is analytic at every point in D.

Example : Show that f(z) = 1/z is analyticat z = 1.

Solution. f(z) = i , Zg =1

f'(z) = ;—1 exists for all z # 0.

2
In particular f'(z) exists Vz € {z: |z —1| < %} = Ni1(1)
2

= fisanalyticatz = 1.
Example : Show that f(z) = 1/(z — 2)? isanalyticin S = {z: |z| < 1}.

Solution. S is open and connected ( S is domain)
= f isanalyticin S if and only if f'(z) exists Vz € S.

f'(z) = (2:2)3 , exists everywhere except 2

vz € C— {2}
Thus f'(z) exists Vz € S.

Example : Let f(z) = |z|? . Show that
a. f/(0) = 0.

b. f(z) is not analyticat z = 0.

Solution.
a. f'(0)=0?
f(z) = x% +y?

ulx,y) =x2+vy2 v(x,y)=0
U, = 2x, uy=2y, v, =0, vy=0

. . 2
Uy, Uy, Vy, Vy eXists and continuous for all (x,y) € R-.

And the Cauchy-Riemann equations are satisfied at (0,0)
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u,(0,0) = 0 = v,,(0,0)
u,,(0,0) = 0 = —v,(0,0)
Thus f'(z) exists for z = 0.
f'(0) = u,(0,0) +iv,(0,0) =0
b. Since f'(z) does notexist Vz # 0, f'(z) does not exist in any
€ —Neighborhood of z = 0 and hence f is not analyticat z = 0.

Remark: A function f is analytic in a set S which is not open, it is to be
understood that f is analytic in an open set containing S.

Example: f(z) = 1/z is analyticin the closed set S = {z: |z — 1| < %}

since it is analytic in the openset {z: |z—1| <1} 2 S.

Definition: (Entire functions )
A function that is analytic at every point z in the complex plane is said to
be an entire function.

Example: Every polynomial f(z) = ag + a;z+ -+ a,z™ is an entire
function.

Definition: (Singular point )
If a function f is not analytic at a point z, but it is analytic at some point in
every neighborhood of z,, then z; is called singular point of f.

Remark: If f(z) = % is a rational function, then the only singular points of

f are z such that Q(z) = 0.

Example: Find the singular points of the following functions:

a) f(z) =1/z%,
b) f(Z) - zzz-l-l'
c) f(2) = |z|.

Solution.

a) Singular points are z such that z2 = 0
=z =0.
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b) Singular points are z such that z> +1 =0
= z = Fi.
c) Has no singular point since f is nowhere analytic.

Remark: Let D be a domain.

1) If a function f is analyticin D, then f is continuous in D.

2) If f =u+ ivisanalyticin D, then u and v satisfy the Cauchy- Riemann
equations.

3) If Uy, Uy, Uy, V), are continuous on D andu, = Uy, Uy = — Uy, then f is
analyticon D.

4) If f and g are analyticin D, then f + g, fg are analyticin D and f /g is
analytic provided that g(z) # O forall z € D.

5) A composition of two analytic function is analytic.

Exercises:

1) Show that f = ze*e” is an entire function.

2) Show that f = eYe?* is nowhere analytic.

3) Show thatif f(z) = u + iv and m = u — (v are both analyticin a
domain D, then f(z) = constant.

4) Find real constants a, b, ¢, and d so that the given function is analytic
f(z) = x*+ axy + by? + i(cx? + dxy + y?).
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Chapter 3: Elementary Functions

1. Complex Exponential Function
We have Euler's formula: e’ = cos 8 + i sin 8. We can extend to the complex
exponential function eZ.
Definition: For z = x + iy the complex exponential function is defined as
e? = e¥*Vl = g¥el = e*(cosy + isiny)
Remark:

1. Domain = all of C.
2. We sometimes use exp(z) to denote e”.

TT.
12t in the form a + ib.

Example : Express e”

TT. o
. —14= T, - 1 ., . T l
Solution: e 12" = exp (—1 =+ El) =e ! (cos; + lsmz) = -

Example : Show that e is entire function and

Solution:

We have e? = e*(cosy +isiny)ifz = x +iy.

Thus, u(x,y) = e*cosy and v(x,y) = e*siny.
Differentiating u with respect to x and y, we find

u, = e*cosy, u, = —e*siny.

Differentiating v with respect to x and y, we find

v, = e*siny, v, = e*cosy.

We see thatu, = v, and wu, = —v,.Hence the Cauchy Riemann
equations are satisfied at all points. Moreover, the functions u, , vy ,u, , vy, are
continuous.

Therefore, e? is analytic at all points, or entire.

VA

d . . .
Eezz u, +iv, = e*cosy+ie*siny = e

1 1
Remark: When z = % . n=23,.. then en = {/e thatis en is not the set of

all n-th roots of e.
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Proposition: (properties of €% )
Let z = x + iy. Then we have the following properties of e*:
1. |e?| = e”*.

2. arg(e?) =y+2nm, n€Z.
3. e #0 forall z € C.
4, e% =1.
5. ef1e% = e%1t?z,
6. iz = e Z
e
7. et e?17%2,
e?2
8.

(e® )" = e™ foralln € Z.
9. e?is periodic function with period of 2mi, that is e
Example: Solve the equation eZ = 1.
Solution: e = e*(cosy +isiny) =1
e*cosy =1
and, e*siny=0 = siny=0=y=nm, né€EL.

Z+2mi z

= e*cos(nm) =1
e*(—1)"=1 = e*=(-1"
since e* > 0, thenn = 2m, m € Z.
e*=1 =x=0, y=2mn, meL.
zZ =2mmi, m € Z.
Example: Find all the value of z such that e = —2.
Solution: =2 = |=2|ei(Arg(=2)+2nm) — ppi(n+2nm)  p c 7
el = -2
eix—y — Zei(n+2nn)
e—yexi - Zei(n+2nn)
> e V=2 and x=mm+2nm, n€Z
y = —In2
Therefor,z = 2n+ 1)t —i In2, n € Z.
Exercises:

1. Find the derivative of each of the following functions:
a) iz*(z? — e?).
b) ezz—(1+i)z+3_
2. Prove thate? = e?
3. Solve the equations:
a) eZ=14++/3i
b) eZz—l =1

=e".
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2. Trigonometric Functions
Euler's formula gives: e™ = cosx + i sinx

and e Y™ =cosx —isinx
thus we have
1 . 3
cosx ==(e™* + )
2
and
: _1 ix —ix
sinx = — (e e )

Definition: The complex sine and cosine functions is defined by:
: — l iz _ ,-iz _ l iz —iz
sinz = — (e e ) and cosz—z(e +e )

Definition: We define the complex tangent, cotangent, secant and cosecant
functions using the complex sine and cosine:

sinz cosz
tanz =——, cotz=——, secz= and c¢scz =—.
COoSs z Sin z COoSsZ Sin z

Example: Express the value of the given trigonometric function in the form

a + ib.
(a) sinim (b) cosi (c) tan(m — 2i)
Solution:

VA -7

e 1 itin) _ —i(im) — ZLe,-m _ my — ;(€. =€ — il
(a)smm—zl,(e e )—Z(e e)—l( . )—Lsmhn

.1y g N e lt+e
(b) cosi = E(e” +e ”) =—= cosh1
¢ 2 . (ei(n'—zi)_e—i(n'—zi))/zi _ ei(n’—zi)_e—i(n—zi)
(c) tan(m — 20) = (ellm—2Dyg-im—20)/3 ~ (gi(m-2D g-itn-2D);
elMe2_g~imp—2 .e?—e™?
— Tl eimezyetng—2 —t e2+e2
Example: Show that sin(z + 2nm) = sin z.
. ] ei(z+2nn)_e—i(z+2nn) eizeZnni_e—ize—Znni
: sin(z + 2 = =
Solution: sin(z + 2nm) > ”
eiz_e—iz .
= —— =sinz.
2i
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Remark:
1) The sine and cosine functions are entire functions.

2) %Sinz =cosz and %cosz = —sin z.

) sin(—z) = —sinz and cos(—z) = cos z.
4) sinz=0ifandonlyif z=nmn, n € Z.

) cosz=0ifandonlyifz= (2n + 1)%, n € Z.

) tan z and sec z are analytic everywhere except at the singular points
zZ = (2n+1)§, n € Z.

7) cotz and csc z are analytic everywhere except at the singular points
Z =nm, n € Z.

d d

8) —tanz = sec? z, —cotz = —csc?z
g z
—secz = secztanz, —cscz = —csczcotz.
dz dz

d
Proof: 8) —tanz = sec? z.

sinz _ (e%2-e"?)/2i _ (e¥?-e~2)/i

f(z) =tanz = cosz  (eiz+e=iz)/2 = elzte~iz
f,( ) (eiz+e—iz)(eiz+e—iz)_%(eiz_e—iz)(ieiz_ie—iz)
Z = . .
(eLZ+e—LZ)2
eziz+2+e—2iz_(eziz_2+e—2iz) K 4 _ 2 2
B (eiz+e=iz)’ B (eiz+e=iz)’ B (eiz+e‘iz)

2
_ 1 _( 1 )2 2
=\ ez | = \o,) = Ssectz

2
Proposition: ( Trigonometric identities )

Let z, z; and z, be complex numbers. Then:

1) sin?z + cos?z = 1.

) sin(z; + z,) = sinz; cos z, * sin z, cos z,.
3) cos(z, + z,) = cos z; cos z, + sin z; sin z,.
) If z =1y is pure imaginary, then
sin(iy) = isinhy and cos(iy) = coshy.
5) If z = x + iy, then

cosz = cosx coshy —isinxsinhy.
6) If z=x + iy, then

sinz = sinx coshy + icosxsinhy.
7) If z = x + iy, then

|sin z|? = sin®x + sinh?y

|cos z|? = cos?x + sinh?y
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Example: Find all the roots of sinz = 1.

Solution: Since sinz = sinx coshy + icosxsinhy = 1.
Then sinxcoshy =1,
And cosxsinhy=0 = cosx =0 or sinhy =20

:x=(2n+1)§,nEZ or y=0.

Therefor sin(2n + 1)§coshy =1
(=1)"coshy =1
coshy = (—1)"
Since coshy>1 = n=2m, meZ
coshy=1 =y=0
The solutions are:
Z=(4m+1)§, mE€ Z
f y=0 = sinx=1
Thus we have the same solutions z = (4m + 1) % m € Z.

Example: Show that cos(1z) = cos(iz).

Solution: cos(iz) = %[e"(iz) +e7l0)] = %[e—z +e”?]

cos(1z) = %[e‘z + e?]
1 — —
=-[e7% + €*] =
2

[+ €] ... ()

N | =

cos(iz) = %[e"(iz_) +e"lD] = %[e‘z_ +e?] ...(2)

From (1) and (2) = cos(iz) = cos(iz).

Example: Find all the roots of sinz = cos z.

Solution: sinz = sinx coshy + icosxsinhy
cosz = cosx coshy — isinx sinhy
sinx coshy = cosx coshy ...(1)
cosx sinhy = —sinx sinhy ...(2)
From (1) =
coshy (sinx —cosx) =0
coshy # 0 sincecoshy > 1
= sinx = cosx
cosx =0 =2sinx=0 2x=02n+ 1)% = nm impossible.
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cosx #0 = tanx =1

= x=%+nn, n € Z.

From (2) =

sinhy (cosx + sinx) =0

sinhy (cos (% + nn) + sin G + nn)) =0
(-)" (—1)") —0

z T 7

sinhy=0 =2y=0
Thus, the solutions are:
zZ= % + nm, n € Z.

= sinhy (

Exercises:
1. Express the value, sec (% - i) in the form a + ib.

2. Verify the given trigonometric identity
cos(z; + z,) = cos z; cos z, — sin z; sin z,.
3. Find the derivative of the given function:
a) sin(z?)

b) Ztan-
VA
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3. Hyperbolic Functions.

Definition: We define the hyperbolic functions of a complex variable z as
follows:

sinhz =+ [e? — e 7]

2
coshz = %[ez + e %]
and tanhz = sinh z , cothz = C?Shz
coshz sinh z
sechz = e cschz = o
Proposition:
1. coshz = cos(iz) and sinhz = —isin(iz).
2. cosh z and sinh z are entire functions.
3. %sinhz = cosh z and %coshz = sinh z.
4. sinh(—z) = —sinhz and cosh(—2z) = coshz.
5. cosh?z — sinh? z = 1.
6. sinh(z, + z,) = sinh z; cosh z, + sinh z, cosh z,.
7. cosh(z; + z,) = cosh z; cosh z, + sinh z; sinh z,.
8. |sinh z|? = sinh? x + sin?y.
9. |coshz|? = sinh? x + cos? y.
10. sinhz = 0ifandonly if z = nmi,n € Z.
11. coshz = 0ifandonlyif z = (2n+1)%,n€Z.

Example: Show that sinh(z + iwr) = —sinhz?

Solution: sinh(z + im) = —isin(iz — m)
= —i[sin(iz) cos T — sinm cos(iz)]
= isin(iz)
= —sinhz.

Example: Find all the roots of cosh z = i.

Solution: cosh z = cos(iz) =i

= cos(—y +ix) =1

= cosy coshx — isin(—y) sinhx =i
= cosycoshx + isinysinhx =i
= cosycoshx =0 ... (1)

and sinysinhx =1 .. (2)
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from (1) = cosy=0 = y=(2n+1)§,nEZ.
Therefor,

sin(2n + 1)§sinhx =1

(—1)"sinhx =1

sinhx = (—=1)"

=¥ —e™] = (-1)"

= e?* —1=2(-1)"e*

(e¥)? =2(-D"e*—-1=0

px = 2D FVET

2
=(-D"FV2
Sincee* >0 = e*X=(—1)"+2
= x =In[(-1)"+ V2]

The solution are z = ln[(—l)" + \/7] + (2n + 1)%1’ , nEZL.

Exercises:
1. Express the value, cosh (1 + %i) in the form a + ib.

2. Verify the given hyperbolic identity
Im(cosh z) = sinhx siny

3. Find the derivative of the given function:
a) sinzsinhz
b) tanh(iz — 2).
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4. The Logarithmic Function and its Branches

Definition: ( The logarithm of a complex number)
We define the logarithm of a nonzero complex number z to be
logz =In|z|+i(Arg z + 2nn),n € Z
or
logz =1In|z| +iargz

Example: Find 1) log(—1), 2) log(1 + i), 3) log(e?)
Solution:
1) log(—1) = In|—-1| + iarg(—1)
=i(m+2nn)=2n+Dmi,n € Z
2) log(1+i) =In|1+i]|+iarg(l+1i)
1+il=v2 arg(1+i)=Arg(1+i)+2nx
= log(1+1i) =Inv2 + (Zn +i)m’,n € Z
3) log(e?) = In|e?| + iarg(e?)
=Inle*| +i(y+ 2nm),n € Z
=x+iy+2nmi,n € Z
=z+2nmi,n€Z
Remark:
1. log z is not function. We will call it a multiple- valued function.

2. el°8Z = 7 forallz # 0.
3. loge? =z+ 2nmi, n€Z forall z € C.

Definition: The principal value of the logarithm of a nonzero complex number
z,log z, is defined to be

Logz = In|z| + iArg z —-n<Argz<m
Example: Log(1+ v3i) =In|1 + V3i| + idrg (1 + V3i)
_ -1 (V3
—1n2+lt:n (1)
=11’12+l'§

Remark:
1. Logzis a function.
2. logz=Logz+2nmi, n€Z
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Example: Show that:
1. Log(—ei) =1 — gi

Solution:
Log(—ei) = In|—ei| + iArg (—ei)
. T _ 4, _T.
=Ine+i (—5)—1 Sl
2. Log(1—-1i) = %an —%i
Solution:

Log(1—i) =In|1 —i| +iArg (1 —1i)
. Ty _1 _ .
=ln\/2+l(—z)—21n2 2L

Definition: Let f be a multiple- valued function. A single- valued function F is
called a branch of f if there is a domain D such that:

1. F(z) e f(z) Vze€D

2. Fisanalyticin D

Example: Logz = In|z| + iArgz, |z|>0, -t <Argz<m
Is a branch of logz. It is called the principal branch.
Its derivative is i

Example:z# 0, z=re?,r=|z]>0 //
Let a real, L1 a

f(z) =logz =In|z| +i6, |z|>0, a<bO<a+2m
Is a branch of log z and its derivative is given by: f'(z) = i

Proposition: Let z; and z, be two nonzero complex numbers. Then:
1. log(z,2z,) =logz; +logz,
2. log (z—:) =logz, —logz,
3. logz;™ =nlogz,.

Exercises:
1. Let z; = —1 and z, = i. Verify thatlog(z,z,) =logz, +logz,

2. Let z be a nonzero complex number, show that z" = e™1°8% n € 7

1 1
and zn = en'8? n € N

3. Show that Log(i3) # 3 logi.
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5. Complex Exponents

Definition:
Let z be a nonzero complex number and let ¢ be any complex number. We
define z°€ as:
7€ = eclogz
Where
logz =In|z| +iargz

Example: Find the value of 1°

Solution:

1l = ptlogl — pi(2mni) — e—Znn’ nevz
Example: Find the value of i+

Solution:
240 — e(2+i) logi — e(2+i) [In]i|+iargi]

i
_ o@+D) [i(§+2nn)], nET

—e (4n+1)mi- (2n+%)n

_ " (2n+3)n o (4n+ D)
—e” (2n+%)7‘[ e4n1ti eTEi — _e—(2n+%)r[’ nev
3/2

Example: Find the value of (1 + \/§i)

Solution:

(1++30)"" = e3840
r e%[ln|1+\/§i|+iarg(1+\/§i)]

> e%[ln 2+i(§+2nn)] nevz

- e% In2 i(§+3nn)

= e
= V8e'z 3" = +i/8

Remarks:
1. In general z€ is a multiple-valued function.

2. If z # 0 and c be any complex number, then % =z €.

Proposition: Let a be real number and let
logz =In|z|+iargz, |z| >0, a<argz< a+2nm
Be a branch of logz. Then z¢ = e€1°87 s analytic in
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D={(r~0):r>0 a<60< a+ 2w} moreover %ZC =cz¢1

Proof:log z = In|z| + i arg z is analyticin D
D={z:|z| >0, a<argz< a+2m }
e? is an entire function

= z¢ = eCl98Z jsanalyticin D

i c — _eclogz
dz dz 4
= e€log8z —cJogz
dz1
— eclogz c-
z
= 7€ &= g1
Z .

Definition: The principal value of z€is z¢ = e¢l°8%

Example: Find the principal value of (1 + i)%*3
Solution: The principal value of
(1 4+ i)2+3i — e(2+3i) Log(1+i)
— e(2+3i) [In|1+i|+i Arg(1+i)]
_ o (2¥3) [1n«/§+i§]

.TT . 3T
—e 21m/2+15+311n\/2—7
3

LT . _3rm
— e2InV2 i3 p3ilnV2 , =

3w
= 2ie” + [cos3InV2 + isin31nV?2]
Example: Find the derivative of the principal value z! at the pointz = 1 + i.

Solution:
Because the point z = 1 4+ iisinthe domain |z| > 0,—T <argz< w

Z 1+ = i@+ D)
= i1+ DA+ =i+ D) == (i)
Exercises:
1. Find the values of the complex power: (a) i%* (b) (1 + i)
2. Find the principal value of each complex power: (a) (—=3)¥/™
(b) (20)*".
3. Find the derivative of the principal value z1*
z=14/3i.

i

at the point
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Chapter 4: Integration in the complex plane
1. Definite Integrals

Definition: If u and v are real-valued function of a real variable t, continuous
on a common interval a < t < b, then we define the integral of the complex-

valued function w(t) = u(t) +iv(t) ona <t < b:
f;’ w(t)dt = f;’ u(t)dt + if: v(t)dt
The continuity of u and v on [a, b] guarantees that both f; u(t)dt and
f(f v(t)dt exist.
Thus Re f:w(t)dt = ff Re(w(t))dt and Im f‘f w(t)dt = f‘f Im(w(t))dt.

Example: Evaluate fol(l + it)?dt .

Solution:
[, @+ it)2dt = [[(1+ 2it — t?)dt

= [[(A—t)dt+i [ 2tdt ==+
Example: Evaluate foﬂeitdt.

Solution:
J, e'fdt = [ (cost +isint)dt = [ costdt+i [ sintdt
=sint|§f—icost|f =0—i(—1—1) = 2i

Theorem: Let w(t) = u(t) + iv(t) and W(t) = U(t) + iV(t) such that
W'(t) = w(t), then [, w(t)dt = W ()|5 = W(b) — W(a)

Proof: W'(t) = w(t) = U'(t) = u(t), V'(t) = v(t)
[w®)dt = [ u(®)dt +i [, v(®)dt = U5 + iV ()]}
=(U®+iv®)la=w®I;=wb) - W(a).
Example: Evaluate f01(1 + it)%dt .

Solution:

1 N2 g, 1l N2 _1(1+it)31_1[(1+i)3_@]_3 .
Jo+it) dt—if0(1+lt) idt=-——lg=7|—5———|=3+i
Example: Evaluate foneitdt.

Solution:

T it 1T gt _e_itn_f_l—l .. 41 — o
Jy e dt—ifoe idt=—|g =——7=<[(cosm +isinm) — 1] = 2i.
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Proposition: Let f(t) = u,(t) + iv,(t) and g(t) = u,(t) + iv,(t) are
complex- valued functions of a real variable t continuous on an interval
a<t< b, then

i f(f kf(t)dt =k f;f(t)dt, k a complex constant,
i [ +g@)de = [ f@©)de + [} g,
i. [ f@©dt= [ f@©dt+ [ fOdt, c€ [ab]
v. [ f(dt=—["f(t)dt

Exercises:
1) Evaluate fogeitdt.
2) Evaluate flz(%—i)zdt.
3) Evaluate fogemdt.
4) Evaluate ff(i)zdt.

5) Evaluate [~ e~?'dL.

6) Evaluate Re [ e*Dtdt and Im f e(+Dtdt.
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2. Contour Integral.

Definition: If z = z(t) = x(t) + iy(t),a < t < b, if x(t), y(t), are
continuous functions on a closed interval [a, b]. Then z(t) is called path and
denoted it by C. z(a) is called initial point and z(b) is terminal point.

Remark:
1. 'C'is a closed path if z(a) = z(b).
2. 'C'is asimple pathif z(t;) = z(t,) > t; =t, or
t; # t, = z(ty) #+ z(t,).
3. If z(ty) # z(t,) when t; # t,, also z(a) = z(b) then the path C is called
simple closed path.
4. 'C'is a smooth path if and only if
i) Both x and y are continuously differentiable
ii) Forallt € [a, b] either x'(t) # 0 ory'(t) # 0.

ot (o o

Simple Not Simple Simple Not Simple
Not closed Not closed Closed Closed

t+it 0<t<1
Example:C:z(t)z{t_H. l<t<2

0<t<1l: x=ty=t=>x=y

is a simple path but not closed.

[

1<t<2:x=ty=1

| 1
Example: C:z(08) = e 0 <6 < 2m, is asimple closed path.
e =cos@ +isind TTS -

z(0) =1, z(2m) = 1 unit circle | i

Example: C:z(t) =t +it> —1<t<1,isasimple path but not closed.

A

x=ty=t3>y=x3

EOET s
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Definition: A contour is a piecewise smooth path C, (i.e.) a curve consisting
of a finite number of smooth paths joined end to end.

Definition: If f is continuous on a smooth curve C given by the
parameterization, z(t) = x(t) + iy(t) a <t < b, then

fc f(2)dz = fff(z(t))z’ (t)dt.
Properties:
1. [, zf(2)dz =2z, [. f(2)dz, z, isacomplex constant,
2. f_Cf(z)dz = —fc f(z)dz
3. fC1+C2f(z)dz = fcl f(2)dz + fcz f(2)dz
4. [ f@+g@)dz= [, f(2)dz+ [, g(2)dz,
5. 1FC = C; + (=Cy)
o F@dz = [ (o f@dz=], fDdz+ ]  f@)dz
= fcl f(2)dz — sz f(2)dz

Example : Evaluate fC Zdz, where C isgivenby x = 3t,y = t?,—1 <t < 4.
Solution: z(t) = 3t + it? = Zz'(t) =3+ 2it

fz)=1z
We have f(z(t)) = 3t + t2 = 3t — it?

Therefor the integral is:
[, zdz=[" (3t —it)(3+2it) dt = [* (2t3 + 9t + 3it?) dt
= [f @3 +9t)de +i [ (3t?)dt
- Gt“ + gtz) 14, + it3|*, = 195 + 65i.
Example : Evaluate fC zdz, where C is the right hand half of the circle
|z| = 2 from z = —2ito z = 2i.

Solution: z = 2e'? = 7 =2¢710 — %S 0 S%
dz = 2ie'?do __;-_»
J. f@dz= [, f(z(t))z'(t)dt 2
= f f(z(0))z'(8)do

9 9 _ T[ _ .
—fZZe‘ i2e'do = 41[2 d9—4l( 2)-4171.
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Example : Evaluate gﬁc idz, where C is the circle x = cost, y = sint
0<t<2m.

Solution:
In this case z(t) = cost + isint = e, and f(z(t)) = Z—lt) — it /
Hence, \

-dz = e"M)ieltdt =i t = 2mi.
. ~dz = [ (e"®)ieltd Tdt =2

v

N

t+it 0<st<1

Example : Evaluate [. (x* + iy?)dz, where C: z(t) = {1 i 169 2

Solution:
Jo G2 +iy*)dz = [ (x* +iyH)dz + [ (x* +iy*)dz
[ 2+ iy®dz = [ (62 + it?)(1 + D)dt
. 1 1+d)? 2.,
=+ [, t2dt == =2
Jo, % + iy®dz = [+ it?)idt
_ 2 5 Cf2 T
=—[jtfde+if dt =—+i

Therefore,
2 .2 _ 2. 7,.\_ 7,5,
Jo % +iy )dz-31+( 3+l)— !

Exercises: Evaluate the given integral along the indicated contour.
1) fc (z+3)dz,where Cisx = 2t,y =4t —1,1 <t <3
2) fc z%2dz, where Cis z(t) = 3t + 2it,—2 <t <2
3) fc Z:—ldz, where C is the right hand half of the circle |z|] = 1 from
z=—litoz=1
4) 5ﬁc z2dz, where C is the path formed by the line segment from —3 to 3
and the semicircle located above the line segment.
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