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Examples: find the absolute and relative errors of
1. If x =0.005and x = 0.0049
2. Ify=0.135andy = 0.136
3. fz=100and z =99.9
Solution:
1. e, =|x—%x| =10.005—-0.0049| = 0.0001
5 e, 0.0001 002
* x  0.005
2. e, =|y—y|=10.135-0.136| = |[-0.001| = 0.001
5, =2 =299 007407407
Y 'y 0.135
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Example: write the following numbers to the floating point formula
x = 25149 = x = 0.25149 x 10°
y =—-0.0125 = y = —0.125 x 1071
z =7843.9 = z = 78.439 x 107
k =0.0039 = k =0.39 x 1072
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Example:

If x =0.22159 X 10%,y = 0.3 x 107! and z = 0.111 x 103, then by floating point formula
find
. x2+1

2.k = -z 3. k=x—-2y+xz

X y

y+z

1. k=2x+



Solution 1. k = 2x + yrz

x
2x = 2(0.22159 x 10%) = 0.44318 x 10?2
y+z=0.3x10"1 +0.111 x 103 = 0.00003 x 103 + 0.111 x 103 = 0.11103 x 103

y+z 0.11103 x 10

*  0.22159 x 102 _ 0.501060517 x 103 x 10~%2 = 0.501060517 x 101

k =0.44318 x 10%2 + 0.501060517 x 101 = 0.0501060517 x 102 + 0.44318 x 102
= 0.4932860517 x 102
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Examples: find the locations of the roots of the following equations 1. f(x) =x —5
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2. f(x)=x%-1
x2—1=0=>x?=1y;=x% and y,=1
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Numerical Solution of Nonlinear equations

d.Bisection Method

The Bisection (or half interval ) method is an algorithm for location the roots of a
function. If the initial interval is between x =a and x =b we know that f(a) and f(b) are

of different signs.

f(a).f(b) < 0 (-ve value) and f(x) = 0 has at last one root on the interval.

A simple algorithm for the bisection method consists of the following steps:

1- Choose lower x =a and upper x =b. We must checked by ensuring that [f(a).f(b)
<0].

2- Definec=(@+h)/2

3- Make the following evolutions:

a. If f(a).f(c) < 0. Therefore, set b = ¢ and return to step 2.



b. If f(a).f(c) > 0. Therefore, set a = ¢ and return to step 2.

c. If f(a).f(c) =0, the root equals c, terminate the computation.

Using some mathematical formulas to stop doing calculations for this
method.

1-|xi01 — x| <€

2-|f (x;)| <€

Example: by the Bisection method, find the largest root for
f(x) =x —cos (x), e=0.020

Solution: RAD

x [0 |1

() |- o

'x 0] 1 | 05 | 0750625 |0.688| 0.719 | 0.735 |

|
f(x) | -1 0.460

-0.378 | 0.018

-0.186 | 0.085

-0.033

-0.006 |

v |x; — x| =10.735 - 0.719] = 0.016 <e= 0.02
xe = 0.735is aroot

Example: By using Bisection method find the first positive root
f(x) = x%-x — 1 with € =0.001

Solution:




n a b C b-c f(c)
1 |1 2 1.5 0.5 8.8906
2 1 1.5 1.25 0.25 1.5647
3 1 1.25 1.125 0.125 |-0.0977
4 1.125 1.25 1.1875 0.0625 |0.6167
5 1.125 1.1875 1.15625 0.2333
6 1.125 1.15625 1.140625 0.0616
7 1.125 1.140625 1.1328125 -0.0196
8 1.1328125|1.140625 1.13671875 0.0206
9 1.1328125|1.13671875 |1.134765625 0.0004
10 ]1.1328125|1.134765625 | 1.133789063 | 0.001  |-0.0096

There are several advantages to the Bisection method:

1- The method guaranteed to converge.

2- The error bound is guaranteed to decrease by half with each iteration.

The principle disadvantage of the Bisection method is that:
It generally converges slower that other method.
1-x3=x>=x-1=0

with [1, 2], € = 0.001

2- x3+4x?>-10 =0 with [1, 2], € = 0.001

b. False Position Method

Similarly to the bisection method, the false position or called linear
interpolation method stats with the initial solution interval [a, b] that is believed
to contain the solution of f(x) = 0. Approximating the curve of f(x) on [a, b]
by a straight line connecting the tow points (a, f(a)) and (b, f(b)), it guesses

that the solution may be the point at which the straight line crosses the x- axis:




f(b)
Algorithm

Input: a,b, f(a),and f(b)

Compute:

b0y, '
Fb)-f @)

o f(x);
e Iff(@*f(x) <0
b = x;

fb) = f(x);
o Iff(@=*f(x) >0

a = x;

fla) = f(x);

e If f(a).f(x) == 0, theroot (a) = x

end;

Output: x,f(x)

Example: By the false position method find approximate value of the root
for f(x) = e* — 2 with €= 0.0005

Solution:




a=0= f(a) =-1
b=1= f(b) =0.718

f(b)
To-f@® ¥

0.718
0.718+1

x,=1-— (1—-0) = 0.582

flxy,) =e%%82 —2 =—-0.21

fl@*f(x) >0=>x,=a

0.718
0.718 + 0.21

x; =1 (1 —0.5821) = 0.677

f(x3) = %677 — 2 = —0.032

fl@*f(x3) >0=>x3=a

0.718
0.718 + 0.032

x, =1 (1-0.677) = 0.691

f(x,) =e%%°1 —2 =-0.0004
since |f(x)| = 0.0004 <€=.0005
s x = 0.691 is a root.

Example:

Solve the folllowing equation using false position method

f(x) = x>-x-1 withinterval [1,2]



Solution:

n a b X f(x) € = Xi+1 — Xi
1 1 2 15 -0.25 0.1
2 15 2 1.6 -0.04 0.0154
3 1.6 2 1.6154 -5.8828*10° | 0.0022
4 1.6154 |2 1.6176 -9.7024*10* | 0.0004
5 1.6176 |2 1.6180 -7.500*10° 0
6 1.6180 |2 1.6180 -7.500*10° 0

s~ x = 1.6180 is a root.

There are several advantages of the false position method:

1- The false position method is faster than the bisection method.
2- ltincludes a test to ensure that the root is bracketed between successive iterations.
The disadvantage of the false position method:
Although the false position method aims to improve the convergence speed over the bisection method, it

cannot always achieve the goal, especially when the curve of f(x) on [a, b] is not well approximated by a
straight line as depicted in the following figure:

Figure: Solve the equation (tan (1T — X) — x =0) by false position method.

H.W:

1-x3—x2—x-1=0  with[1, 2], € = 0.0001

2-exp(X) —2x2=0, At a.0sx<1 b.3<x<4, £=0.00005



C.Newton — Raphson Method

Newton — Raphson (or Newton) method can be used to approximate the roots of any

linear or non — linear equation of any degree.

slope I(Xu}

(0. fix0))

We can calculate the slope using the fact that the tangent line contains the two

points (Xo, f(Xo)) and (X1, 0) this leads to the slope being equal to:-

0 fCx
2L stop = 1)
Then X1 =X, ——: ,(())((0))
f(x1)

2T

And in general,

f (X)) | n=0123,..




Using some mathematical formulas to stop doing calculations for this
method.

1-|xi01 — x| <€

Convergence of Newton Raphson method.
f(x0)f" (xo)
(f' (x0))?

Example: By N. R method find the solution of the following equations.

<1

f(x) =2x —1— 2sinx, where x, = 2and €=0
Solution:
f(x) =2x—1-2sin(x) = f(xy) = f(2) =2(2) —1— 2sin(2) = 1.181

f'(x)=2-2cos(x) = f'(x) = f'(2) = 2 — cos (2) = 2.832

f'(x) =2sin(x) = f'(x) = f'(2) = 2sin (2) = 1.819

xo)f" (x 1.181)(1.819
fGof"Go)| _|(LIBDABIYY o0
(f"(x0)) (2.832)
 flxy) . 1181
X1 = Xy _f’(xo) =2 —m— 1.583
o f) 0.166
Xy = X1 _f’(xl) = 1.583 — m = 1.501
O f) 0.007
X3 = Xy _f’(xz) = 1.501 — m = 1.497
O f) 0.001
X4 = X3 _f’(x3) = 1.497 — m = 1.498
f(x4) 0.00




Since |xs — x,| = 0 then x; = 1.498 is a root.

Example

Solve the following equation using Newton method

f(x) = xb-x-1, wherex, = 1.5and €=0

= 0.679982 < 1

Solution
f(x) = x6-x-1= f(1.5) = (1.5)°* — 1.5 — 1 = 8.890625
f'(x) =6x>—1= f'(1.5) = 6(1.5)°> — 1 = 44,5625
f"(x) =30x* = f""(1.5) = 30(1.5)* = 151.875
flxo)f"(x0) (8.890625)(151.875) 1350.320625
(f'(xo))? | (44.5625)2 ~ 1985.81640625
The iteration is given by:
_, _f)
n+l n f '(X)
. —x _ x°—x -1
n+1 n 6Xr? _1
n Xn f(Xn) a - Xn
0 1.5 8.8906 -0.1996
1 1.3004 2.5353 -0.119
2 1.1814 0.5374 -0.042
3 1.1394 0.0487 -4.6*1073
4 1.1348 7.8058*10* -1*10*
5 1.1347 -2.4831*10* 0
6 1.1347 -2.4831*10* 0

The true root a = 1.1347 and x is equal a.



The advantage of the Newton — Raphson method:
1. Guaranteed to converge to a root if xo is close enough to it and fis
sufficiently smooth
2. Quadratic convergence near simple root

3. Works for complex functions

The disadvantage of the Newton — Raphson method:
1. lterates may diverge
2. Requires derivative

3. No easy error bound

H.W:

1.x3—x?=-x-1=0, Xo=1.5

2. In(x-1) + cos(x-1) = 0, Xo=1.1



d.Secant Method

The secant method can be regarded as a modification of the Newton method in the sense
that the derivative is replaced by a difference approximation based on the successive
estimates

f '(x);f (Xo )= (Xos)

(Xy =X 1)

This approximation can be substituted into the equation of Newton method to yield the
following iterative equation:-

This technique is called the Secant method. It start with the two initial approximations Xo
and xi, the approximation xz is the x-intercept of the line joining (Xo, f(X0)) and (x1, f(x1)).
The approximation X3 is the x-intercept of the line joining (x1, f(x1)) and (x2, f(x2)) and so on,

shows the figure below:

Using some mathematical formulas to stop doing calculations for this
method.

1-|xi01 — x| <€

2-1f (x)| <€



Example: Solve the equation below by using the secant method
f(x) =x2—x-1=0 with €=0

Solution:

o = x _f(x1)(x1_xo)
25T fl) — f(x)

xo=1=f(xs)=f()=12-1-1=-1

x=2=f(x)=f(2)=22-2-1=1

Fa)G —xp) _, 1+@=1) _

SR Te S Py e R S I
f(1.5) =(1.52%-15-1=-0.25
B fQe)(x —x1) —0.25*(1.5-2) B 0.125 B
X3 = Xy — ) — o) 1.5— 0251 - 1.5 R 1.5+01=16
F(1.6) = (1.6)2 — 1.6 — 1 = —0.04
fls)(x3 —x2) —0.04 * (1.6 — 1.5) —0.004

1.6 — =1.6—

= — _ = 1.6+ 0.019 = 1.619
T T ) — f(x) (—0.04 + 0.25) 0.21 *




N |Xn f(xn) Xn+1 = Xn
0 |1 -1 1

1 |2 1 -0.5

2 |15 -0.25 0.1

3 |16 -0.04 0.019

4 11.619 2.161*103 -0.001

5 [1.618 -7.6*10° 0

6 |1.618 -7.6*10° 0

Then x, = 1.618 is a root.

The advantage of the secant method:

1. Linear convergence near multiple roots

2. No derivative needed

3. Works for complex functions

The disadvantage of the secant method:
1. lterates may diverge

2. No easy error bound

H.W:

Solve the same H.w of false position method




Modified Newton Raphson Method
. Q) = f1(x)
(F' )" = Faf" (x)

i =012, ...

Xi+1 = Xi

Stop condition is the same of Newton Raphson method condition.

Example:Use Modified Newton-Raphson method to evaluate the roots of f(x) = x3 — 5x2 +
7x — 3 with an initial guess of x, = 4 and €= 0.01.

Solution: First let us find f'(x) and f" (x)
f(x)= x3—-5x2+7x—3
f'(x) =3x*—10x+7
f'"(x) =6x—-10
f(4)=43>-54)*+7%x4-3=9
f'(x)=3(4)>—-10%4+7 =15
f"(4)=6+4—-10=14
f(xo)*f' (x0) 9+15

X; =X — 44— 2636
L0 () F o) Y (o) (15)2—(9+14)

i i f) | f) | f) x| ST T

1 | 4.000000 | 2.00000 | 15.00000| 14.00000 | 2.636364 | 1.364

2 | 2.636364 |-097370| 1.48760 | 5.81818 | 25202125

3 | 2.820225 | -0.59563| 2.65876 | 6.92135 | 1961718

4 | 2961728 |-0.14728 | 3.69822 7.77037 | 2.998479

5 | 2.998479 | -0.00608| 3.98784 | 7.99087 | 2.999998 0.001

Since |xs — x4] = 0.001 < 0.01 then xz = 2.999 is a root



5. Fixed-Point Iteration method
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Using some mathematical formulas to stop doing calculations for this
method.

1-|xip1 — x| <€

Example: Using fixed point iterative method to find a root
1- f(x) = 4x* + 2x — 1, €= 0.005
2- f(x) = x* — cos(x), €=0.001 H. W
3- find negative root for f(x) = x* — 2e* + 1, €=0.009 H. W

solution:
x| 0 | 1|
fe - |+




uij'ﬂ z\.i,'ual\

4> +2x—-1=0=4x*=1-2x
N , 1-—2x
YT

gl(x)zT
()— ! —(-2) _ 1
940 = T —2x 1_ \/1—7?

g',(x¢) = g',(0.5) = =205 .
19" (x0)| = [0 > 1

s gr(x) Il dassy
) dauall

4x2+2x—1=0=>4x2=1_2x
1-2x 1 1

= X = — _
4x 4x 2
()_1 1
g21¥ 4-x 2

g',(x) = (@x)?
—4 1
glz(xO) = 9’2(0- 5) = (4 " (0 5))2 = I =-1
19" (xp)| = 1] <1

s ga(x) Il dasy
m&‘w\
4x2 +2x—-1=0= 2x = 1 — 4x2
1-4x* 1 2y?
2 2

1
g3(x) = 5~ 2x?
glg(x) = —4x

g'3(x0) = g'5(0.5) = —4(0.5) = -2
19" ;(x0)| = 12] > 1

. g3(x) M dasy



Al )l Al
4x> +2x—-1=0=x(A4x+2)=1

1
* T ax+2
94 = 1775
1
94(x)=—m*4
! (xg) = * — _0.25
94X =" q05 122"
19", (x0)| = 1-0.25| <1
.‘.g4(x)d;ﬂ).m)3
1
Xl T g 2
-1 ~0.25
M= 4o +2 2405 +2
__ 1 1 — 0.333
2T ax,+2 4(0.25)+2
-1 1 ~0.3
3T 4x, 12 4(0.333)+2
1 4313
T a2 403)+2
-1 1 —0.308
X5 T 4x,+2 4(0.313)+2
 |xs — x4] = [0.308 — 0.313| = |[—0.005| = 0.005 =€

-~ X5 = 0.308 is aroot



Examplel: Find an approximate solution to f(x) = cos(x) — x. Choose x, = 1, with
4 digits accuracy.

Solution: x = x + f(x) = cos(x) — x + x,we have x = g(x) = cos(x)

Choose xp = 1, and do the iteration x| = cos(zi):  k=0,1,2,3,....
ry = coszrg= 05403
Ta = cosxy = 0.8576

x5 = cosxe = 0.6543

Ta3 = cosxze = 0.7390
T9y = c0s8Tey = 0.7391
T95 = cosrgy = 0.7391 stop here

Our approximation to the root is 0.7391.

Example2: consider f(x) = e %*(x — 1), choose x, = 1, with 4 digits accuracy

Solution:x = g(x) = e **(x — 1) + x

Choose an initial guess zg = (.99,

r; = glxp) = 0.9886

r2 = glz) = 09870

r3 = glxa) = 0.9852

ror = ([.1655

rog = —0.4338

rag = —3.8477 Diverges. It does not work.

A simple algorithm for Eixed-Point Iteration method consists of the following steps:

Given f(x) = 0,
1-re-arrange f(x) in the form x = g(x). The simplest way to write
f(x) = 0inthe formx = g(x) isto add x on both sides, that is, x =
flx) + x = g(x):
2-derive g(x),
e if |g'(x)|< 1 theiteration convergence,
e If|g’'(x)| > 1 the iteration diverges



In Example 1, g(z) = cosx, ¢'(x) =sinz, r = 0.7391,
|g’[r]| = |sin(0.7391)] < 1. OK, convergence.
In Example 2, we have

4z) = e(@—1)+z,
gdlr) = -2 (r—1)4+z 241

With r = 1, we have

|g’{r| —el41>1, Divergence.



Numerical solution of the linear equations system
O 23 g c¥alaall (e 23 o g giad Al calaall (e dS gada (A dghadd) Al da glaia
A9 Aaall ey & ptal)
AN dgdadl) e alaal) da glaia
ai1x1 + aAq12X7 + -4 A1pnXn = b1
az1Xx1 + az72X9 + -4 ArnXn = bz

A,1X1 + QX + -+ AQppX, = by,
Al A ) acddy ela
Jaa g Gl 4GS Ja Lgd A glatall (b (Jaalanall) i piiiad) aae e JB1 c¥alaal) dae cuilS 1) -]
X1 +3x;=4=x1=4—-3x,
OB e Sa L e Y a8 A glaiad) o2 Jaalaal) aus (e AS) ¥ alaalf aae il 1Y) -2
2x1 —3x, =1
x1+x,=0
5x1 —x, =3
Jan g S g 0% A ghaiall ol Jaalaal) das ) L glse c¥alaal) sae cuils 1) -3
ALY D) o Juadl) 138 A Ll )3 B sl G g
oY) JSAlL g b shiaal) daay ABLud) Al AU, 2 g4

a1 Q2 QAip X1 by
_la ary... a _|x _|b
A= 231 22 2n| X = %,b_ 2
An1 Qpz2°° QAnp Xn b,

AX =b

11 Q12 Qin
A=|921 Q22 Q2n| square matrix 3 X 3

an1 An2 Ann

a;; O 0
A =421 Qaz 0 [ lower triangular

n1 Qnz2 QAapn

Ai1 Q12 Qin
A=|0 ay a2n] upper triangular

0 0 au,

a;; O 0
A=|0 a;;, 0 | Dignonal matrix

0 0 auy




identity matrix dsla) 48 ghas and ghuadl (b q,; = a,, = azz = 1 <l 1)
Cie gana ) bdd) 4 pad) cialaal) Jad dasiiiciall (§ dal) Ciial (Say
Direct methods 5 dkwall (3 kll ¥ )
Iterative methods 4a ) Sill (3l ;Lals
Direct methods 3l (3 kall

Gaussian Elimination Method o« adal) 48 a1

1L L 3 el e alaal) da glila (il
a11X1 + A% +ag3x3 = by
Az1X1 + A2X2+aA3%3 = b,
Az1X1 + A3zX2+a33%3 = b3

d11 Q12 A13:p,
dy; Ay Qp3:b;

d31 A3z U33ib,
upper matrix (o sJe! 48 shiadl Jysais 2 8
o) gled) Bl sl e AANAN g AN Cpililaall (e gy s Qg el eal o s 5]

az1
my = ———

11

S Caall ae il pany g J 5V Caall 8y dagd Gl
. = azq
, = ——
a1

il Caall ae il pany g J5Y1 Caall 8 m, dad Gl

a1 Q12 A13:p',
4 / . /

0 a 22 a 22 b 2
! ! . !

0 a 32 a 22 - b 3

14
as;

m2=_
14
a o

Gl Caall pe pany s (S Sl & m'y oy @l g Gl laull e g/ 5, dad i



a1 Qg2 A13:p',
! ! . !

O a 22 a 22 - b 2
144 . 144

0 0 a 33 - b 3

(back substitution ) (=) Jill (e g23l) 48y ylay sanaadl Lilal) 240l 48 siaal) Jas

allxl + a12x2+a13x3 - b1 1
a,22x2 + a’23x3 == blz 2
a'33x3 =b's 3
12
From 3 we get x3 = —;
a 33

25 Xy el z A g 2 Aalaall  xp dad i gas

! !
b', —a'y;

by — ajx; — ag3x3

xl =
a1

a1 # 0,a"33 # O,Cllzz # 0, &8 0S8 O

Example: By Gaussian elimination method solve
3x1 — Xy + 2x3 =12
X1+ 2x, +3x3 =11
2x1 — 2%, —x3 =2
3 =1 2 12
[1 2 3 Ll]

2 =2 -1 12

S Caall ae il pany g Jo¥) Caall 8y Aagd Gl
QW\M\@G&N\@H}J}WM\&mZMQM



3 —1 2 12
0 2.333 2333 7

0 —1333 —-2333 -6

, 1333
2= 75333

3 —1 2 12
0 2.333 2.333 7

0 0 —1 — P

—X3 = —2 = X3 = 2
2.334
_ _ 7-4666 _ _
2.333x, +2.333x3 =7 = xp = 2333~ 233 1
X1 — X, +2x3=12 = x; = 124174 _ 3

Guss-Jordan Method.

Example: By Gauss Jordan method solve

3x1 — Xy + 2x3 = 12
x1 + 2x, + 3x3 =11

le_zxZ_X3=2



1. Iterative Method.
1.1 Jacobi method.
g 4By 3k (2 9 (gaurd) Jad) alan¥ Cuasdiad (Al 4y ) Sl Gkl gl (e el
Ol g gmasal) Jall ) e gil) (8 Adgay 48, pk Ledly gale Gl (819 aladin)
1o LaS Wi g
The system given by
ay1x1 + aqpx,+ag3x3 = by
Az1X1 + AypX,+ay3%3 = by
az1Xq + azpX,+a33%3 = b3

Has a unigue solution
Suchthatayq # 0,a,, #0,....a,,, # 0
Uslaall (e x; dadd dlag) L ey JS&y oMo Auhadl) caal) d8Lua Bale) Sy
S N Al (e, Aad ) 1388 g 0N Adalaall (e x, dady JY)

X1 =— (b1 — Aq2Xp — Aq3X3 — *** alnxn)
aiq
Xop = — (bz —ap1Xq1 — A31X3 — *** aann)
Ao
Xn = (bn — Ap1Xq1 — AppX3 — ann—lxn—l)
ann

Then make an initial guess of the solution x° =

0 . ; ]
(x4, xz( ) x1 @ x,(0). Substitute these values into the right



hand side of the rewritten equations to obtain the first

; . 1
approximation, (xl(l),xz( ),xl(l),xn(l))

1
x1(1) - (b1 — alzxz(ﬂ) _ a13x3(0) — ... alnxn(O))
ai
1
xz(l) — —(bz _ a21x1(0) _ a23x3(0) _ ... aann(O))
az;
1
xn(l) - (bn — a32x2(0) _ a33x3(0) ... agnxn(O))
ann

x, D D x, (D ad ) Al Jlad) &l

Al g¥) A palil) Al aa A0 jlally sl Jadl A Ay B9 Basaa 4 LAl raaid

- - - 1 - - ‘e o o «
adlll g Al g) 2 x, (D), xz( ), x5, Lx, D ad Jliely Al ddaal) (i S0

(b LaS dyaal)
1
xl(Z) — a—ll (bl — a12x2(1) — a13x3(1) — e alnxn(l))
1
@ = (by — a1, D — a13x5D — o agx,®)
az;
1
xn(z) e (bn — a12x2(1) — a13x3(1) — e alnxn(l))
ann

b yé Gaary gthaal) Jad) ) Qe gl ol il pall e K () dalant) oda Balely jaied
8 gil) g) LAY

D — 0] <€

The general formula of Jacobi method is

n

1 z :
xi(k+1) = — bi — aijxj(k) i = 1, 2, 3, e and k == 0, 1, e
Qi =
i#j

zeaall Jadl A Jua gill &l ) ps3l) axe K JiaS dua
Condition of convergence

n

max z

i=1
i#j

a;;

<1




Example: By Jacobi's method find the solution of the following systems.

Use three loops.
dx; +x, —2x3 =1

X1 — 7x5, + 10x3 = 2
X1 +3x, —x3 =8

where (xl(o) = 1, xz(o) = 3,x3(0) = 2)

ion: aiz| , (eas| _ |1] L |22 23 =

Solution: -~ +|a11| = |4|+ 4| ;=0.75

a1 a3 1 10 11
+ = |—=|+|—=|===1.572

aj- as» -7 -7 7
31| | |9s2| _ 1 N 31_4
ass ass -1 -1

Max=4>1

. IS unconvergent
4x; +x, —2x3 =1
X1 +3x, —x3 =8

X1 — 7x5 +10x3 = 2

a1 a3 1‘ ‘—1‘ 1

2 122 = 5|+ |[=|=2=0.167
as» as» 3 3 6

a a 1 —7 8
34332 = ‘ + ‘ ‘ =—=0.8
ass as3 10 10 10

Max=0.8<1 is convergence

4‘x1+x2_ZX3:1
X1+ 3xy—x3 =28

X1 — 7x5, + 10x3 = 2



1
xl(k'l'l) — Z (1 — xz(k) + sz(k))
(k+1) 1 (k) (k)
X2 = § (8 — X1 + X3 )

1
.X'3(k+1) — 1_0(2 _ xl(k) + 7x2(k))

1 1

x, D 21(1 — 2, + 253 (®) 21(1_3 +4)=0.5
(1) 1 (0) (0) 1

X7 =§(8—x1 + x3 )=§(8—1+2)=3

x; @D = _(z — 2, + 7x,®) = —(2 1+21)=2.2

1 1
2P =2 (1-00+2x0)=2(1-3+4.4)=0.6

1 1
x,(2) = §(8 — x4+ x3 W) = §(8 —0.5+2.2) =3.233

x;@ = _(2 x @D + 7x2(1)) = —(2 0.5+21) =2.25
x1® =0.567
x,3) =3.217

X3(3) - 24‘03



2.2 Gauss-Seidel Method.

A possible improvement to the Jacobi Algorithm can be seen by
re-considering Jacobi's method.

x; (0 D pusid) o palic Jaxius x; (D @l piall a8 Clad Jacobi 48k 8 LilaaY
il 8N 2000 Cua o oSl A8y Hhal (s iiad ¢ Gauss-Seidel dd ks L) s
_:\T}SLSEJJJLSM JU::.UY\ BE L VR IWEN .J)M.\L)M\

a11X1 + a;px,+a,3x3 = by
Ap1X1 + QX +ap3X3 = by

A31X1 + A3pX;+a33X3 = b3

Has a unique solution, Such that a;; # 0,a,, # 0, ....a,,,, # 0

The Gauss-Seidel Iterative Technique

1
15D = — (by — a30,%) — @330 — -+ 3,2, )
11
1
xz(k"'l) — a—(bz — a21x1(k+1) — a23x3(k) —_— e aann(k))
22
1
xy(k+ 1) = a_(b3 — Az, KD — qgyx, K+ _ ... agnxn(k))
33
1

k+1) k+1 k+1 k+1
xn( ) = a_ (bn - anle( ) — an2x3( ) — .. ann—lxn—l( ))
nn



The general formula of Gauss seidel method.

i—-1 n
1
xi(k+1) = — bi - z aijx]'(k+1) — Z aijx]'(k) i = 1, 2, 3, ..and k = O, 1,
Lii j=1 j=T+1
i#j i#j
@ﬁgﬁﬁwmmﬁe&m 8 Ly XS g raaall Jall J gua ol g i i) Ja i

Jacobi

Example: By Gauss-Seidel method find the solution of the following
systems.

4x; + x5 —2x3 =1 ,where (x;® =1,x,® = 3,x3® = 2)
X1+ 3x, —x3 =8 use three loops.

X1 — 7x5, + 10x3; = 2

Solution:
x,+D) = %(1 — x, 0 + 2x3 )
x, (D) = %(8 — 20+ 4 5, (0)
x3 (D = 1_10 (2 — 2,0+ 4 7, (k4D
k=0

1 1
x, W = Z(1 — 2,0 + 2x3®) = 7(1-3+4)=05
1 1
1, =2(8-x®+x0)=2(8-0.5+2)=3.167

1 1
x3 W =—(2—-2,V +7x,V)=—(2-0.5+22.167) = 2.367
10 10
k=1

1 1

x1?) = Z(1 — 2, + 22, (V) = 2 (1-3.167 +4.733) = 0.642
1 1

x, @ = §(8 —x; @ 4+ x3V) = 3 (8—0.642+2.367) = 3.242

1 1
x;33 = E(Z —x; P 4+ 7x,@) = Tg (2 —0.642 +22.692) = 2.405



1
x® = Z(l — 3.242 + 4.81) = 0.642

1
x,® = §(8 — 0.642 + 2.405) = 3.254

1

x5 = = (2~ 0.642 +22.780) = 2.414

Interpolation theory

O A ganal daglaa clily o) o ¢ g o daglaa i ad alagl A Ugal i Al Jibaead) (e S
,1934 < gicd) Jadd a5 jad) (LS daad U1 58 gial) cila glaal) cillS 1) JUal) Jap And | cilaadlal)
i) & g Ao 1955 9 1940 alad) 2 (3 ) (S a3e 085 Ua ) 138 1997 ,1977 ,1947
Glall Ol (el Ua ) 131 Ll (Interpolation) Jusiad) g) z) el 48y al) 028 e 5 3 giall

extrapolation algiiu¥ly cewdd sUaeall cllul) s g Ao 1920 5 2020 L b
Lagrange Interpolating Polynomials: 3giad) daaia say il SY diua

“w s

CSad Aladudiall X o (pfiad A g dgludia & Ax O o) Blaall gladia 4 x ab (580 Latis
Zisal pond g (Say g daaiiical) Gaamd) (3 k) Jgd A f(x) AN Aagd Aoy 7l SY dia aladiad
Pl i) JDA e il SY

‘x‘xo‘%‘xz‘

NI IREDRIEDIED]

[ Aad a8l xo xq, xp DAL e daglas Liad g [a,h] 88N Ao 5 iy Abda Uiy f ol
wuum@\;kuux* &\ngé
(X" —x)(x" —x3) (X" —x0)(x" —x3) (X" —xp)(x" —x1) .

(xo — x1)(Xg — x2) " (1 — x0) (%1 — x2) " (2 — x0) (X2 — X1) B

o alad) gl SY dia o8 1

LL(X*) == 0;1;2



fx™) = flxo)Lo(x™) + f(x )Ly (x™) + f(xz) Ly (x™)

(" —x)(x" = x2) (x" = x0)(x" — x3) (X" = x0) (X" —x1)

fG) = fxo) (xo — x1) (X9 — x3) ) (g —x0) (X1 — x3) t(x) (x2 = x0) (X2 — x1)

Example: By using Lagrange formula find the value of the function

x| 0 |1 ]2 | 4|
feol 1 |1 ]2 | 5
Find f(3) and f(5)

(X" = x) (X" — x2) (X" — x3)
(X0 — x1)(xg — x2)(xp — X3)
(X" = x0) (X" = x2)(x™ — x3)
t/(x) (1 — X0) (X1 — x2) (X1 — Xx3)
(X" = x0) (X" — x1)(x™ — x3)
(2 — x0) (X — x1) (X2 — X3)
(X" = xp) (X" — x)(x™ — x3)
(X3 — x0) (X3 — x1) (X3 — X3)

f(3) = f(xo)

+ f(x3)

+ f(x3)



(3—1)(3—-2)(3—4)

(0—1)(0—2)(0—4)

(3—0)(3—2)(3—4)
(1-0)(1-2)(1—4)
(3—0)(3—1)(3—4)
(2—-4)(2—-1)(2—4)
(3—0)(3—1)(3—2)
(4—-0)(4—-1)4—-2)

f(3) = f(0)

+ f(1)

+ f(2)

+f(4)

f(3)=0.25—1+3+1.25=23.5
(X" = x) (X" — 22) (X" — x3)
(X0 — x1)(xg — x2)(xp — X3)
(X" = x0) (X" = x2)(x™ — x3)
(1 — X0) (X1 — x2) (X1 — Xx3)

(X" = x0) (" — x)(x" — X3)

f(5) = f(xo)

+ f(x1)

+ f(x3)

(2 — x0) (x — x1) (X2 — X3)

(X" = x0) (" — x) (X" — X3)

+ f(x4)

(X3 — x0) (X3 — x1) (X3 — X3)



G-1D)GB-2)5-4)

(0—1)(0—-2)(0—4)

5-0)(GB-2)(5—-4)
1-0)(1-2)1-4)
5-0)(GB-1)(5—-4)
(2—-4)2-1)(2—-4)
5-0)(GB-1)5—-2)
(4—-0)(4—-1)4—-2)

f(5) = f(0)

+ f(1)

+ f(2)

+f(4)

f(5)=-1.5+5-10+12.25=6.5

Inverse Interpolation Sl z1 a3y
ot Ll Adlall apall 5 | y= f(x) ANl A ganl ol AVa X Aed s Tl (e 55l
. Y =i
gy) =x" = z X l

o Yi ~ Vi

l-'#]

j=0

If n=2

O =y —y2) N O =y —y2) N O =y —y1)

T Yo —¥1) (Vo — ¥2) 1 1 = Yo) (1 —¥2) % V2 =¥0) (V2 —¥1)

Example: Find the value of x* when y* = 0.2703, use the following table to find
it.

|y | 0.625]0.3448/0.2083

' x | 16 | 29 | 48 |




Solution:

. =y —y2) V" = yo) V" —¥2) V" = yo) V" —y1)
=X + X + x

° Vo — Y1) o —¥2) ! V1= Yo) 1 — ¥2) ’ V2 = Yo) V2 — ¥1)
6 (0.2703 — 0.3448)(0.2703 — 0.2083)
(0.625 — 0.3448)(0.625 — 0.2083)

4 50 (02703 - 0.625)(0.2703 — 0.2083)
”(0.3448 — 0.625)(0.3448 — 0.2083)

(0.2703 — 0.625)(0.2703 — 0.3448)
(0.2083 — 0.625)(0.2083 — 0.3448)

+ 4.8

6 —0.0046 +29 —0.022 448 0.0264
0.1169 "~ —0.0382 "~ 0.0569

= —0.06933 + 1.6702 + 2.2271 = 3.8658

Finite Differences

1- Forward Differences : (<xeaiill) dualay) <uld 5 jall
By jaa oa s BN e 7 T (o8 e slea Lot A A1 a5 y=F(X) (ot Aesiiusall Al Sl
PV P S P PR TP AT
X0 ; Yo = f(x0) = fo
Xy =xg+h ;y,=10x)=f
X, =x1+h ¥y, =1(x) = f;
Xn = Xno1th 5y =1(xy) =fr
Ailxally Ca 2y 5 (Operator) A et 4ela¥) @58l (Lise) dalad e 5
Af(x) =f(x+h)—f(x) e e v e (1)

Ayo = Y1 — Yo
Ay, =y, — W



Ay, =y3 —¥s

General form is
Ay = Vig1 = Vi e vee e 1 = 0,1,2, .., n — 1

A%y = A(Aye) = A(y; —¥o) =Ays —Ayo =y, —y1 — Y1 + Yo = Y2 — 2y1 + Yo

Ay, =AAy) =AW, —y1) =AY, — Ay = Y3 — Yo — Yo+ Y1 =Yz — 2V, + 0

General form is
A?y; = AYip1 — DY = Yito = 21 F Vi e e 1 =0,1,2,0,m = 2

Ay; = NPy — A%y,
Aty; = Ny — A%y,
IS5 K Al (e ApaleY) Gl 5 8l o el dale B ) s
Afy; = A=ty — ARy i =0,12,..n—k
oLl LS (55Sy Jasy Jpaa e 5 8l 020 S o J sandl Sy

X; Vi Ay; A%y A3y Ay
X0 Yo
Ayy
X1 V1 A%y,
Ay, A%y,
X2 V2 Az}’z A43’0
Ay, A3y,
X3 V3 Ay,
Ay
X4 Va

Example: write differences table of the function f(x) = x3 (x=0,1,2,3,4)

X; Vi Ay; Ay, Ay, A*y;

0 0
1



2 8 12 0
19 6

3 27 18
37

4 64

2. Backward Differences: (&saljill) 4818 cid g i

G f(X) Al aa) 3N AN Gy Vel dama) Al (398N el Sa
Viix) = f(x) - f(x—h)

Al A i) il g Al Gy e (S
Vyi =Y¥i—Yi1
V2y; =V(Vy) = V(¥ — ¥i-1)
=Yi = Yi-1~ Vi-1 —Yi2) =Yi — 2¥i-1 + Vi

73y =¥ — 3¥i-1 + 3¥i2 — Vi3

Or
V3y; = V2(Vy) = V2 (y; — yi-1) = V2y; — PPy 4 i=n..,3

Viy, = V3(Vy) = V2 (yi — yi1) = V3y; — P3yi 4 i=n, .., 4
YLK A (e dgral i) il 81 Gl Aale B geay g
Vky, = vk-1(vy,) = vk-1ly, —vk-1y, |
fona aN | o idA) 289 0L (B (9 Jaseay g (e Al ) B g AN JS o Jpuand) (S

i gl

X; Vi Vy; V2y; V3y; V*y;
X0 Yo

Vy,
X1 V1 szz

Vy, V3y,
X2 V2 VZys Vy,

Vys V3y,
X3 V3 VZ}’4

Vy,
X4 Va

3. Central Differences: 43S all i gl
NG LS el G Al Cigaiy & Jaslly A8 pall B g 8l Sigal e



6yi+% = Yi+1 — Vi where i =0,1,2,...,.n—1
Ifi=0=>6y% =yY1— Yo
Ifi=1=>6y% =YyY2— Y1
Ifi=2=>6yg =Yy3—Y2
40 (39,4

8% = 8(8y;) = 5(3’”% - yi_1> = (Vi1 = Yi— i = ¥i-1)) = Yir1 — 2¥i + Yiq

2

Numerical Integration

b
Izjf(x)dx

a<x<b dadial ol x patall 3 i A & f(x) Ol QUdse (liad @, b O S

Method of integration

a. Rectanqular Rule

It iIs obtained if we subdivide the interval of integration a <

x < b into n subintervals of equal length h = bn;a and in each



subinterval approximate f by the constant f(x;"), the value of f at

the midpoint x;* of the j™ subinterval, where j =0, 1, 2, ..., n and

ot XX

=t (See the figure).

i and. p =0

Example:

2
Using the rectangular rule with n = 5 for the following equation y :Ildx compare with the
X
1

exact value.

Solution:;

The exact value of this integral is:



2
[ dex =In(x ) =In(2)~In(1)=0.693147
1

By the rectangular rule:

Xo=a-= 1
xn=b=2
n=>5
h :;azz__lzlzolz
n 5 5
1
f (X)—;
j Xj Xj f(x;")
0 1.0 1.1 0.909090
1 1.2 1.3 0.769231
2 1.4 1.5 0.666667
3 1.6 1.7 0.588235
4 1.8 1.9 0.526316
5 2.0
r=hly," +yi"+y" +y3" +y,

r =0.2*[0.909090 + 0.769231+ 0.666667 + 0.588235+ 0.526316 ]|

r =0.691908 and the error =|0.691908- 0.693147 |= 0.001239



Numerical Integration: gl Jal<ill

b
A =ff(x)dx

a<x<b dad il ol x patall 3 i A3 & f(x) Ol QUde (lad @, b O &

Ay

Method of integration

2. Trapezoidal Rule: «iaiall 4k 318
Consider the function y = f(x) for the interval a < x < b, shown in

figure:



f[ Xl

A inte 5 semnall Aalicall il 51 ) Ciymiall 4n5 4y g JelSal) 2o lasal
g n S [a,b] sl s Lula ( x=b sx=a Jlatiual x-axis il ) ssa g y=f(X)
e il agan S8 p = 222 Skl glaiall ol )
n
Xo = Qa,X1,Xp,..,Xpn =D
[0, 2 4] 580 JEall Jans e 330
Jibkivdll dalus ABCD = hy;
P T - h
<lidll 4alus BCE =~ (Vi+1 — Vi)
o rer h
Al sl 4; = hy; + 2 (Vie1 — Y1)
h

R R h
= hy; + Vi1 = 3Yi = 5 Vit T3V

h
= > i+1 +¥i)

h o e W -
AO = E (yl + yO) [xo,xl] b).\ﬂ\ cﬁ o‘)}sa;d\ aaloll
h e .
Al — E (yz + yl) [xl, XZ] 'o‘).\sj\ 22 9...4;.05\ Aalidll
h “w e [ .
An—l = 5 (yn + Yn—l) [xn—l: xn] 5_yiall T 5 panall dalisdll

il a5 peanall S Aalind)
TI == AO +A1 +A2 + - +AT£—1

h h h
=501 ty) +5 02 ty) o+ 5 Oh tYn1)



h h h h n h
= V1TSYot YooVt T oY T Vna

h h
=Yoot it Y2+ T Y1 T oW

h
T, = E()’o + Y+ 201ty + ot Yno1))

Example: By Trapezoidal Rule find approximate value of the following integration
fol cos (x) dx wheren = 10

Solution: exact [, cos (x) dx = sin (x)]} = 0.8414709848

xiO‘ 0.1 ’o.2‘0.3‘0.4‘0.5 ‘ 0.6 ‘0.7‘ 0.8 ‘ 0.9 ‘ 1 ‘
yi‘l‘ 0.995 ’ 0.980 ‘0.955‘ 0.921 ‘ 0.878 ‘ 0.825 ‘ 0.765 ‘ 0.697 ‘ 0.622 ‘ 0.540 ‘

h
T1=§(3’0+3’10+2(J’1+3’2 + Y3+ Vst ¥s +¥e + Vs + Vst o))

1
= (1 +0.540 +2(0.980 + 0.955 + 0.921 + 0.878 + 0.825 + 0.765 + 0.697 + 0.622 + 0.995))
= 0.05(1.540 + 2(7.638)) = 0.05(1.540 + 15.276) = 0.840

Example: By Trapezoidal Rule find approximate value of the

following integration

f:x Inx dx wheren = 8

4

. 4 1.5 14 _
Solution: exact [ x Inx dx = - x lnxlO —Jo xdx =

4 4
llenx] —1x2] = 11.090 — 4 =
2 o 4 0

= 7.090

05 | 1 | 15| 2 | 25| 3 | 35 | 4

10.347 0 |0.608 | 1.386 | 2.296 | 3.296 | 4.385 | 5.545 |



h
E=gm+%+ﬂh+h+h+ﬂ+ﬁ+%+wD

=7.196

c. Simpson's Rule

It is one of the important Quadrature Rules techniques. Simpson's
rule is generally accurate for most problems.
Just as with the trapezoidal rule, Simpson's rule can be improved

by dividing the integration interval a < x < b into an even number of

equal width, say, into n = 2m subintervals of length h = (b — a)/(2 m),

with endpoints X, (= a), X1, ...., Xam-1, X2m(= D); see the figure.
4 : S— <
Yo Vi Y2 } Vg| == Vi Yy
—h—
a b

When the area under each segment are added, we get

S = [f (X )k =(Fy +40 1y 1+ 21y 5 42y




where (h =b;aj, (2m = n = even) and (x

= h
o X, +h)

n+l

In simple way, we can shows algorithm for Simpson's rule:

Input: ab,mf ,...f,.
Compute: [h :b;aj
2m
S, =f,+f,,

Output: J

Example: Evaluate J:Tsin(x)dx by Simpson's rule with n = 4 and
0

estimate the error.
Solution:

The exact value of this integral is
J :]Tsin(x )dx =-—cos(x )‘Z =—(cos(7)—cos(0))=—(-1-1)=2

By using Simpson's rule:

Xo=a=0
Xom=b=1T
n=2m=4
h=2=2_7=0_ (785

2m



f(x) = sin(x)

n Xn f(Xn)
0O |0 0
1 10.7854 |0.7071
2 11.5708 |1.0000
3 [2.3562 [0.7071
4 T o)

J =%(0+0+4*(0.7071+ 0.7071)+2*(1.0000)) = 2.0045

D.Romberg Method.

A Jsaal) e o s A8y, Jalsil) Lad sa ¥ La) )58 salie) (e,

7©

1@ | 7O

T4(0) T4(1) T4(2)

T8(0) T8(1) T8(2) T8(3)

T | Ty | Ty | T (T | Ty




sl o Badal) e g (Trapz.) iadall 4ud 48, yhay JalSill ad J Y1 3 gand) Jiay Cua
AdeLaa 48 jhy oty <) jidl)
AN Ay 1 disall (e Lgasd ) A (Sad AL aacY) L
jmG-1) _ (-1
Y17V - T]

g _ .
T,; = 4]._1‘ i=12,4816,..
j=123,..
\SSAJj:Zidm\d‘gad\\gjzldﬁ.nggim\éw\a\&ga
i=1,jj=1
(0) (0)
2 4 -1
i=2,j=1
(0) (0)
T(1)=4T4 —T,
4 4 -1
i=4j=1

(0) (0)
8 4 -1

Example: By Roberg method find the value of

f:x Inx dx where i=1,2,4

Solution:
h_b—a_4—0_4
=——=—7"=
x |0 4
¥ | 0] 5545 |



T\® = —(y0 +7y,) = 11.090

_b—a 4 — O
on 2
x5 [0 2 | 4
' y; | 0] 1386 | 5.545
T, = —(}’0+2}’1+3’2)—8317
i=1,j=1
@ _ 4Ty — T _4(8317) —11.090 _ a0
2 4-1 3 '
h_b—a_4—0_
===
oy |0 1 | 2 | 3 | 4
y; /0] 0 | 1386 | 3296 | 5545 |

h
T4(0) = 5(3’0 + Y, +2(y1 +y2 +¥3))

1
=3 (0 + 5.545 + 2(0 + 1.386 + 3.296)) = 7.455

i=2j=1
jir(—1) (-1
TY) — AT, T,
4i -1
(D__4T$)—1§”_3u7455y—8317__7168
T oa-1 3 o
i=2,j=2
@)__42T$3-T§3__16(1168)-—1393__7153
421 15 -
b—a 4-0
n 8

05 | 1 15| 2 | 25| 3 | 35

4




‘Yi‘o

-0.347 | 0 |0.608| 1.386 |2.296 | 3.296 | 4.385 | 5.545 |

h
T3 =5 0o +Ys + 2071 + Y2 + Y3 + ¥4 + Vs + Yo + 7))

=7.196
i=4,j=1
jm(—1) G-1
TY) — ATy T,
2t 4j -1
m)__4T§”—-T$”__4(7196)—-7455__7110
i=4,j=2
T@)__42Tg)—-TSJ__16(%110)—-1168__7106
8~ 421 15 -
i=4,j=3
31 - TP  64(7.106) — 7.153
s — Ty _ 04(7.100) = 7.105

3) _
Tg™ = 43 — 1 63



First order differential equations:

a. Euler Method

The object of the method is so obtain an approximation to the well-

posed initial problem y'=f (x,y), y(x,)=y,, a<x <b. The common distance

between the points -2

Is called the step size. From Taylor series
(y(x+h):y(x)+h y’(x)+h—22y"(x)+....j, for a small values of h the hlgher

orders h?, h3, ....are very small

y(x+h)=y(x)+hy’'(x)
=y (x)+hf (x,y)

Yn+1 = Yn + 1 (X, Yn) n=0,1,..
So the first step we compute
Yi=Yo+hf (Xoy,)
Also the second step we compute
Yo=y,+hf (x,.y,)

And in general
yn+1:yn+hf (Xn,yn) n=0,1,?2,...

This is called Euler method or Euler — Cauchy method. The

truncation of error is of order h?.



Example: By Euler’s method solve y' = 1 — 2xy where
h=0.1 and y(1) = 0.538, find y;

Solution:y"'=1—-2xy ,h=01 x,=1, y,=0.538
Yn+1 = Yn + hf (Xn, ) n=01,..
Y1 = Yo + hf(xo,¥0)
f(x0,v0) =vVo' =1—2x3y, =1—-—2(1)(0.538) = —0.076
y; = 0.538 + 0.1(—0.076) = 0.530
Y2 = Y1+ hf (x4, 1)
Xx1=xp+h=1+01=1.1
f(x,y1) =y, =1-2xy;, =1—-2(1.1)(0.530) = —0.166
y, = 0.530 + 0.1(—0.166) = 0.513
y3 =y2 + hf(x2,¥2)
Xo =x,+h=114+01=1.2
Flxy,v2) =y, =1—2x,y, =1 —2(1.2)(0.513) = —0.231

y; = 0.513 + 0.1(=0.231) = 0.490



Find the approximation solution to the initial value problem using
h=20.2, andy(0)=0. Compare it values with analytical solution

(y(x):eX —X —1).

Solution:

yn+1:yn+hf (Xn’yn)

Yoa =Y, +0.2(X, 4y, ) =mmmmmmmmmmna Where 1 (x,.y,)=(x,+y,)

n Xn Yn Exact Error
values
0 0.0 0.0000 0.0000 |0.0000
1 0.2 0.0000 0.0214 |0.0214
2 0.4 0.0400 0.0918 |0.0518
3 0.6 0.1280 0.2221 0.0941
4 10.8 0.2736 0.4255 0.1519
5 1.0 0.4883 0.7183 |0.2300
H

Solve the following equation by using Euler method. Choosing h =

0.1andy(0) =1, fromx=0tox =1:

b. Improve Euler method

y' = 3xy




We can improve the Euler method by first compute
Y =Y+ (X Ye) e, (1) And then the new value

The improve Euler method is predictor — corrector method because in
each step we first predict a value by (1) and then correct it by (2).

In algorithmic form, using the notations «,=nf (x,.y,)in equation (1)
and ¢, =nf (x,...y",..)IN equation (2), so we can write the improve Euler

method or improve Euler — Cauchy method (sometimes also called
Heun method or Trapezoidal method):

Fory =t (x.y), y(x,)=y, and give h.and N
forn=1,....N-1

ky=hf (x,,¥,);

¢,=hf (x,+hy, +k,);

1
yn+1:yn +§(kn +En);

end,;

Then yn+1 IS an approximation to y(Xn+1) where (Xn+1 = Xo + (n + 1) h).
Example:

Apply the improve Euler method to the initial value problem y -x+y
choosing h = 0.2 and y(0) = 0, where o<x <1.

Solution:

kn = hf (Xn,¥n)
n=0.2 (Xn, Yn)
£n = h(xq + h,yn + ky)
1=0.2 (Xn + 0.2, Yo + 0.2(Xn + Yn))

1
Yn+1 = Yn T E (kn + 1)



1
Y1 = Yo +§(k0+lo)

ko = 0.2(x0,¥0) = 0.2(xg + yo) = 0.2(0+0) =0
lo =0.2((xy + 0.2), (yg + ky))
= 0.2((xo + 0.2) + (yo + ko))
=0.2((04+0.2) + (0 + 0)) = 0.04

1 1

Y2 =M1 +%(k1 +1;)
X1 =Xo+h=0+02=0.2
ky = 0.2(x; +y;) = 0.2(0.2 4+ 0.02) = 0.044
L =02((x; +0.2) + (v; + kp))

= 0.2(0.2+ 0.2+ 0.02 + 0.044) = 0.0928

1 1
Y, =y + E(kl +1,) =0.02 + 5(0.044 + 0.0928) = 0.0884

1
yn+1:yn +§(kn +€n)

Ynu=Ya +o—é2(2.2xn +2.2y,+0.2)

n Xn Yn Exact values Error

01/0.0 0.0000 0.0000 0.0000

110.2 0.0200 0.0214 0.0014




2104 0.0884 0.0918 0.0034
310.6 0.2158 0.2221 0.0063
40.8 0.4153 0.4255 0.0102
511.0 0.7027 0.7183 0.0156
H.W:

y'=y -y?, choosing h = 0.1 and y(0) = 0.2, where o<x <1. Solve it by

Improved Euler method. Compare it values with analytical solution

(y(X)=

1+4e™”

)




c. Runge — Kutta Methods (RK methods)

The Runge—Kutta method is the most widely used method of
solving differential equations with numerical methods. It is much

greater accuracy than that of the improve Euler method.
The third order Runge — Kutta algorithm:

forn=1,....,. N-1

=~

=
—
7\

X +E y +ﬁj
n 2’ n 2 !

ky=hf (x,+h,y, +2k,—k,);

2:

1
You=Yn +E(kl+4k2 +k,);

end,;
The fourth order Runge — Kutta algorithm:

forn=1,.....N-1




end:;

Then yn+1 IS an approximation to y(Xn+1) where Xn+1 = Xo + (n+1)h.

Example:

Apply the 4 order Runge — Kutta method to the initial value problem
y' = X +y. Choosing h = 0.2 and y(0) = 0, computing five steps.

Analytical solution is (y (x)=e* -x -1).

Solution:

k,=0.2(x, +Y,)

ky=0.2(x,+0.1+y, +0.5k,)

Vou=Y. +%(k1+2k2+2k3+k4)

k,=0.2(x,+0.1+y, +0.5k,)

k,=0.2(x, +0.2+y, +k;)

n Xn Yn Exact | 10° Error
values of yn

0/0.0 0.000000 |0.000000 |0

110.2 0.021400 0.021404 |3




2104 0.091818 0.091825 |7
310.6 0.222107 |0.222119 |12
410.8 0.425521 10.425541 |20
51.0 0.718251 0.718282 |31

If we comparison of the accuracy of the three methods under
consideration in the case of the initial value problem (y' = x +y), with

h =0.2. As show in table below:

n| X Exact | Error of | Error of | Error of

values Euler |Improve | Runge—

Euler Kutta

1]0.2 0.021404 |0.0214 |0.0014 |0.000003

210.4 10.091825 0.0518 |0.0034 |0.000007

3106 ]0.222119 |10.0941 |0.0063 |0.000012

410.8 ]0.425541 |0.1519 |0.0102 |0.000020

5/1.0 ]0.718282 |0.2300 |0.0156 |0.000031
H.W:

Use the 3 order Runge — Kutta method to solve the following

problems.

1.y' = 1/2*(yIx — xly),y(2) =2, h=0.2.
sin(2x) — y*tan(x), y(0) = 1, h = 0.2., exact solution

2.y =

[y =3cos(x ) —2cos’(x ) |.




Higher order (fifth, sixth, etc) Runge — Kutta formulas have been
developed and can be used to advantage in determining a suitable
size (h).



